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RANDOM LORENTZ GAS & VORONOI/DELAUNAY TESSELLATION

Multi-particle Single-particle The random Lorentz gas (RLG) models a single spherical tracer UnStableSPH R.LG Inherent Smfcwms o
evolving through randomly distributed, fixed point obstacles. A | JASsee ; ° s ° °
' grey particles general compression protocol involves increasing the tracerra- | U7 o * ey —p
. are fixed dius until it is no longer possible to do so locally. The overdamped o
Finite obstacles limit of these protocols defines a class of volume ascent (VA) - — |
Dimension algorithms. When the tracer is in contact with d + 1 obstacles, " °®
' it is stable (red circle) if these obstacles are not cohemispheric *
[4]; otherwise it is unstable (blue circle) and growth directions re- s (stable W) | stableSPH | | |15 contact vector
| main, thus defining a VA cone (purple). This process maps to "= contact vector | | | | ® obstacles unstable SPH | | | — Voroni edge
Voronoi/Delaunay tessellations: stable/unstable configuratons &~ r—/—7/7—7—727—" " ——"—"FT""""37
e lie at Voronoi vertices (Delaunay circumcenters), and a vertex is M”ay el ela””%
stable if it lies within its corresponding Delaunay simplex (DS, >§
. red triangles). In d = 2, about half of the triangles are stable, N )
I"_f'“'te _ ) g ) but in higher dimensions, only an exponentially small fraction (in . . . 7
Dimension | d) of these Delaunay simplexes is stable. Maximal VA trajecto-
ries (VA-max)—the non-smooth analog of gradient descent—lead J ) /]
(analytically solvable)  came static and dynamics to basins formed by assemblies of unstalglg Delaunay S|mple>_<es \ \\ / * \ % /
equations up to a factor 2 clustered arouno! a stable one, thus defining Delaunay basins "\ stablo DS | % %
(see colored basins). ] g_gq_s_t_g_p]g DS |
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OPTIMIZATION IN THE NON-SMOOTH RLG-HS LANDSCAPE
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Psph ! VA-max and CALIPPSO [5] reach similar jamming densities,
scaling as d~'/3 and converging to ¢;, ~ 2.73 as d — oo.
. In contrast, VA-min and force-min achieve denser packings

. e | (b) Te e \. (= 2.94). The distribution of 15 sharpens with increasing d.
In d = 2 — 6, the packing fraction distribution of inherent

structures (ISs) follows a Gamma law (full lines), peaking at
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Dynamical Gardner Transition
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(d—1)/d with power-law left and exponential right tails (dotted -
lines are numerical results). The mean packing fraction is 1 in I \ 7. Pin=6.4
all d, but VA algorithms typically reach higher values. P15 {./.. R LR KT AT T = S IPRrAS SN R : —— inn=3.2
Each IS is the circumcenter of a stable Delaunay simplex. oo e el el A O A i —— ¢in=2.4034
In high d, stable DSs (aka ISs) are exponentially rare — both \{ nherent structures Xis N0 o 0 8 ’é 5 - Pin=1.6
_In number and in volume | Despite the rarity of stable DS, VA algorithms can still reach §4 M—————— ::__ z::zg.s i
) . | them efficiently by monotonically increasing the tracer radius . S ——————— - -
Shape of Delaunay Basins roon (). These schemes evolve a non-smooth, kinked land- 3 3-_
scape, for which standard optimization fails. Each unstable S 9. ';\_ S ————
(a) Delaunay simplex is associated with a Voronoi vertex (VV) A s — i
and a cone of ascent directions. | | | LT

e In d = 2, each VV has a single VA edge. d~

B
e Sae e :
T e T s o Ind> 2. the number of VA edaes varies from 1 to d — 1 For VA-max (full lines), the final jamming density (1s) and in-
b, e e = : : - ’ J | termediate value at the first VV (dashed-dotted) both grow with
N Y e - Due to the exponential scarcity of stable DSs, VA algorithms initial density ¢y,. At high ¢y, well above the dynamical tran-
N T S must traverse many unstable VVs to reach an inherent struc- sition g4, extrapolated VV values align with the static d — oo
ORI VSO GNP WU g O o ture (IS). The resulting ascent graph (b) is characterized by: Gardner transition (star,triangle); for lower i, they do not.
S g 3w B g 3w B e b g e Multifurcation: many branching paths (common at high d) Jamming Universality
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We analyze two extreme strategies: 10* ;
e VA-max (greedy): takes the steepest ascent at each VV % 100_;
_ o e VA-min (reluctant): always takes the shallowest available :
= cmplex basis. | | path 107 d=4  — d=64
04 10 05 10 06 10 . . . . . : e .=
fe he he More reluctant algorithms (like VA-min) typically reach higher 0=  y—3y . pee
prs over longer paths. VA-max finds lower-density ISs over % — e
Delaunay basins under VA-max form tree-like graphs (a)(b), p1s OV J9er P . W i Y 1072 1071 109 10! 102
, _ , shorter paths. - +e)
rooted at stable simplexes and composed of hierarchically | | | | - fd
nested unstable ones. Their size grows rapidly with dimension, In high dimensions, the VA landscape is rough, and algorithmic o
exhibiting fractal scaling as volume ~ r% (c). Greedy algo- choice crucially affects which ISs are found and how efficiently. Rescaled force distributions from VA-max show good collapse
rithms like VA-max favor larger basins, leading to a sampling and a crossover to a powe_r—law t?” with the mgan-ﬂeld SXPO-
bias toward denser ISs. nent 8 ~ 0.423 [3]. Gap distributions do not display a similar
- g power-law, consistent with larger finite-dimensional corrections.
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We investigated the random Lorentz gas and a class of volume ascent (VA) algorithms to study real-space jamming. In high ] -EI!E EI
dimensions, the landscape is dominated by unstable regions, leading to rough, hierarchical, and fractal-like basins of attrac- [1 ] arX|V :241 0_05784
tion. The greedy VA-max algorithm efficiently estimates the asymptotic jamming density ;o and reveals a dynamical Gardner E
transition consistent with mean-field theory. As d — oo, jammed configurations become algorithm-independent, indicating a :

geometric universality in the jamming process. VA schemes are potentially extendable to multi-particle systems and may
provide a scalable route to estimating jamming thresholds. More broadly, they offer a computationally efficient approach to
high-dimensional robust optimization problems. In particular, VA-min explores configuration space thoroughly with modest com-
putational cost, avoiding expensive tessellations.
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