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Deterministic optimization algorithms unequivocally partition a complex energy
landscape into inherent structures (ISs) and their respective basins of attraction. Can
these basins be defined solely through geometric principles? This question is paramount
to understanding hard sphere jamming, a key model of disordered matter. We here
address the issue by proposing a geometric class of gradient descent-like algorithms,
which we use to study a system in the hard-sphere universality class, the random Lorentz
gas. The statistics of the resulting ISs is found to be strictly inherited from those of
Poisson—Voronoi tessellations. The landscape roughness is further found to give rise
to a hierarchical organization of ISs, which various algorithms explore differently.
In particular, greedy and reluctant schemes tend to favor ISs of markedly different
densities. The resulting ISs nevertheless robustly exhibit a universal force distribution,
thus confirming the geometric nature of the jamming universality class. Along the way,
the physical origin of a dynamical Gardner transition is identified.

jamming universality | jamming algorithms | nonsmooth optimization | stochastic geometry |
Gardner transition

Jamming granular systems—either for sand play or industrial transport (1)—ubiquitously
gives rise to disordered materials; so does supercooling many liquids. Over a quarter of a
century ago, this analogy led Liu and Nagel to propose a unification of the two processes
under a single conceptual umbrella (2). Their jamming phase diagram has since inspired
fields as diverse as robotics (3), tissue mechanics (4), and neural networks (5, 6). It has also
seeded a substantial research effort aiming to flesh out the original proposal itself (7-9).

In this last respect, particularly significant strides have been made from the study
of simple liquids in the limit of infinite spatial dimensions, 4 — oo (10). This
seemingly abstract construction has indeed rationalized jamming marginality and its
associated isostaticity (11-13), and made stunningly accurate predictions about the
nontrivial scaling of the distribution of weak interparticle forces Pr(f) ~ f¢ and
small interparticle gaps Prr(h) ~ b7 down to d = 2 (12, 14-19). Despite jamming
being an inherently out-of-equilibrium and hence a protocol-dependent phenomenon, its
criticality is seemingly universal. That robustness, however, remains largely unexplained.

Another—in some ways more salient—theoretical challenge entails predicting the
jamming density. For three-dimensional hard spheres, that quantity had long been
understood to be algorithm invariant, with a volume fraction of about 64%, thus
cementing random close packing (RCP) as a physically robust and universal concept.
Over the last couple of decades, however, the confounding role played by various
factors, such as the degree of crystallinity (20) and the preparation scheme (17, 21),
including details of the initial conditions (17, 22), have softened confidence in the
robustness of RCP. At this point, even identifying a physically [let alone mathematically
(23, p. 240-2)] meaningful substitute remains an open challenge. In light of this, several
alternatives have been offered as replacements for RCP: numerical extensions of the
equilibrium liquid line (24), the endpoint of absorbing-state processes (25), the most
random jammed configuration (20), and the densest isostatic packing (26). However,
using these definitions to estimate a density of interest in practice often means introducing
some degree of algorithmic arbitrariness such as explicit or implicit thermalization (21).

Some of us have recently proposed that “the lowest jammed density achievable through
bulk physical processes involving monotonic compression,” @jo, might be a well-defined
quantity (21). Put differently, to determine @jo one needs to identify an algorithm for
jamming hard spheres akin to gradient descent (GD) for energy minimization in that it
is both greedy and local.

This idea is not new. In the mid-1980s, Stillinger and Weber systematically
approximated the jammed inherent structures (ISs) of hard spheres by using GD for
systems with ever steeper interactions (27). More recently, Torquato and Jiao have
formulated a linear programming scheme for hard spheres to reach jamming (28)—later
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generalized as CALiPPSO (29, 30)—and Lerner et al. have
formulated an overdamped compression scheme for that same
purpose (12). For various reasons, however, the effectiveness
of these schemes at attaining @jo has not been systematically
evaluated. (See ref. 21 for an effort along this direction.) More
problematically, a qualitative understanding of the similarities
and differences between these schemes has yet to be teased out.
Even in the simplifying limit of 4 — 00 (out-of-equilibrium)
insights are in short supply (31).

In order to shed light on both jamming robustness and density,
we here consider the random Lorentz gas (RLG), a single-particle
model that belongs to the hard sphere universality class in
the limit 4 — o0 (32). But what is jamming—an ostensibly
collective phenomenon—in a single-particle system? Inspired by
a recent geometrical study (33) and connections between the
Voronoi network and jamming (34), we identify jammed ISs as
inscribed spheres and propose a class of GD-like volume ascent
(VA) algorithms for identifying them. This approach determines
@jo for the RLG and illuminates the algorithm dependence of
jamming more generally. Remarkably, we also find that Pr(f)
converges to the anomalous infinite-dimensional hard-sphere
scaling for all algorithms, thus illuminating its geometrical origin.
These advances not only pave the way for a deeper understanding
of jamming but also hold the potential for improving high-
dimensional optimization with hard constraints, which notably
appear in the fields of computational geometry (35-37) and
robust optimization (38).

The Entropic Landscape of the RLG. Recall that the RLG consists
of one spherical tracer evolving in the space unoccupied by N
hard (yet noninteracting) fixed spherical obstacles within a box
of volume V. These obstacles, which are distributed uniformly
at random, form a Poisson process with number density (or
intensity) p = N/V. One RLG convention assigns both tracer
and obstacles the same sphere radius 7/2; equivalently, one could
consider a point tracer and obstacles of radius 7, or point obstacles
and a tracer of radius 7. To ease visualization, we here mainly
follow this last convention. To make densities unitless and of
order one in all 4, we further set p = 1 and define the reduced
volume fraction ¢ = pVyr?/d = V" /d with V the volume
of a d-dimensional unit sphere (32).

To identify the ISs of the RLG, we follow the approach
developed for random polytopes in ref. 33. At equilibrium, »
is constant; compression inflates 7. At each tracer position x there
exists a maximal sphere (sph) of radius 7y, that does not overlap
with any obstacles. An IS is obtained when that radius 7}, can
no longer locally grow by changing position x, without creating
overlaps with obstacles, hence determining 71s. The resulting
tracer position, xjs, is then equidistant from 41 obstacles: Fewer
would not ensure mechanical stability, and more—given the
Poissonian nature of the obstacles—would be highly improbable.
Per the Maxwell criterion, the resulting IS is therefore isostatic.
From this analysis, an unambiguous determination of all IS for
a given obstacle distribution follows (Fig. 14). In geometrical
terms, each point equidistant to & + 1 obstacles is a Voronoi
vertex (VV) or, equivalently, a circumcenter of the dual Delaunay
tessellation. As shown in ref. 39, a VV is stable if it is contained
within the respective Delaunay simplex (DS), and unstable if not.
Only the former are ISs (Fig. 1 A-D).

Number of ISs. Having established that each IS is the circumcen-
ter of astable DS, we now obtain a count of these features (per unit
volume), NVis, as a function of their packing fraction at jamming,
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Fig. 1. (A): Geometric (or entropic) landscape of the d = 2 RLG with obstacles
(black dots) and ISs (red stars). A sph is in contact with d + 1 obstacles. It is
unstable if these contacts are cohemispheric (light blue) and stable otherwise
(light red). Contact vectors for the (B) unstable and (C) stable sph in (B), along
with the VA cone of possible expansion directions (purple) for the former. (D):
Delaunay tessellation of the sample in (A). An unstable DS does not contain
its circumcenter (blue), while a stable DS does (red), thus identifying an IS
(stars). (E): Delaunay basins from Eq. 4 (different colors) of the sample in (A).
These basins are generally composed of one stable DS and zero or more
surrounding unstable DS. The DSs (black lines) and the Voronoi tessellation
(orange lines) are provided as reference.

@1s (or, equivalently, 71s). This analysis therefore provides a
measure of configurational entropy of ISs, 15 = In M.

A result from stochastic geometry (40), which holds for
unbounded systems, gives that the density of DS—both stable
and unstable—of a given @ per unit volume Nps(@p) is
proportional to the Gamma probability distribution function

pr(@) = de= %=1 T (d), i.c.,
Nbs(®) = Nps(d)pr(9), [1]

where Nps(d) is the average number of DSs per unit volume.*
Remarkably, given (41, Thm. 10.4.4), the geometry of each DS
is statistically independent of its radial size—or, equivalently, the
stability condition is statistically independent from the radial size
of the cell—and hence

Nis(@)
Nis(d)

_ Nos(@p) .
= Nos(d) @) 2l

The number of ISs per unit volume Nis(d) = Vis(d)Nps(d),
however, is strongly reduced by a proportionality factor that can
be decomposed as Vis(d) = Pis(d)E|vis]/E[vps], where Pis(4)
is the fraction of stable DSs and E[v1s]/E[vps] is the ratio of the
expected volume of stable DSs to the expected volume of all DSs.

Fig. 2 shows that numerical results obtained using the standard
ghull library (42) for Voronoi tessellation agree with Eqs. 1 and 2,
as expected. Because [d® @pr(p) = 1 for all 4, we then have
that sampling ISs uniformly at random gives Eis[@] = 1 forall 4.
Numerics further reveal that Pis(4) is exponentially suppressed

*Low-d results are known (40): Nps (d = 2) = 2, Nps(3) = 6.76..., Nps(4) = 31.77.....
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Fig. 2. Probability distribution of ISs with packing fraction ¢|gind =2...6.
The expression in Eq. 2 (full lines) agrees with the numerical enumeration
of stable ISs (dotted lines). Note that the distribution peaks at mode[¢is] =
(d — 1)/d and that the expected jamming packing fraction is E[¢|] = 1 for
all d. VA algorithms, by contrast, typically reach significantly larger values, as
shown here for d = 2...6 (green band). (/nset) The proportion of stable DSs
(points) empirically scales as 1/2‘7*1 (dotted line), while the ratio between
the expected volume of stable DSs and the expected volume of all DSs grows
sublinearly in d.

in d, approximately scaling as 1/2¢71,7 while E[v1s]/E[vps]
grows slower than exponential with d (Fig. 2, Inset). In other
words, in high 4, unstable DSs exponentially dominate both in
number and in volume over stable DSs.

VA Algorithms and Geometry. Despite the scarcity of stable DSs,
some algorithms can nevertheless reach them in polynomial time.
To this effect, we here specifically define volume ascent (VA)
schemes as the class of local algorithms which monotonically
inflate 7ph. Note that the VA problem can be formulated more
generally within the mathematical framework of nonsmooth
optimization (44, 45). Specifically, 7gp is a continuous but
nondifferentiable function of x, thus defining a rough landscape
with many kinks, for which standard optimization techniques are
ineffectual. Our analysis of stable DSs, therefore, provides insight
into the dynamics of these algorithms more generally.

For VA schemes, first, each unstable Delaunay simplex is
associated with a Voronoi vertex that presents a cone of possible
VA directions (VA cone), within which the edges of the Voronoi
tessellation identify a subset of specific VA pathways (VA edges).
While in & = 2 an unstable Voronoi vertex contains only one
such VA edge (Fig. 1B), for d > 2 that number varies between 1
andd — 1.

Second, because the volume fraction of stable DSs is expo-
nentially suppressed with increasing &, the system volume is
almost completely filled with unstable DSs in the large & limit.
Any VA algorithm must therefore flow between many unstable
VVs before reaching an IS. Because VVs can be hierarchically
connected through VA edges, selecting a specific VA algorithm
is equivalent to selecting one such compression pathway (either
along VA edges or in between them).

Among all possible VA algorithms, we first consider the
greediest one, VA-max. The tracer displacement, dx, is then

TThis ratio is akin to Wendel's theorem (43), which predicts that 1/2"’ of simplexes
are stable when sampling d + 1 vertices on a d-dimensional sphere. The two cases,
however, differ because random Delaunay simplexes tend to be more stable than random
simplexes.

PNAS 2025 Vol. 122 No. 45 e2422096122

chosen to maximize the growth of the sph radius, 7, at each
position x,

dx = argmax 7gpp (x + dx), [3]
dx

thus making it a direct analog of GD for energy minimization.
(For a broader definition of steepest descent in nonsmooth
landscapes, see ref. 45.) Fig. 34 illustrates the process for d = 2.
Starting from a point tracer originally at x = x;j, = 0, the
maximal radius available 7yp}, is equal to the distance to the closest
obstacle |p,|. Following Eq. 3, the tracer then moves radially
from the closest obstacle (dx o« —p) while its radius grows as
Foph = |x — pgl, until the tracer kisses a second obstacle at p;.
Its center is then equidistant from p,, and p;. The subsequent
dynamics follows the Voronoi hyperplane defined by points
equidistant from both p,, and p;, until the sph reaches a third
obstacle at p,. In d = 2, the tracer is then equidistant from
d + 1 = 3 obstacles, and its center is on a Voronoi vertex (VV),
by definition. In general d, the center of the sph reaches a VV
by 4 Gram-Schmidt projections of the initial growth direction
—py onto span{py, . .., p,}, thus defining Pyy.*

If this VV is stable, then an IS has been reached and the
dynamics stops. Otherwise, the trajectory flows in the greediest
direction inside the VA cone, which necessarily lies along one
of the VA edges (Fig. 1B). For 4 = 2, because the VA cone
contains only one such edge, VA-max follows it up to the next
Voronoi vertex. In 4 > 2 at each VV the greediest VA edge is
followed until another VV is found, and so on (87 Appendix).

Pin in
A b3

e ARt I

inherent structures X[s S 9

Fig. 3. (A): Schematic of the VA-max algorithm for the d = 2 RLG. The tracer
starts at Xj,, moves radially from pg until it reaches the Voronoiline at xp, and
then follows it until reaching the first VV at xyy. It subsequently follows the
VA edge until x;s, which corresponds to a vertex of the Voronoi tessellation.
(B): In generic d, the VA cone at each VV can present up to d — 1 VA edges, thus
giving rise to the multipath structure of the VA-edge algorithm. After the initial
d-step projection up to ¢yy (green), multifurcation along various VA edges
results in different ISs (red crosses). Path coalescence can also arise but is
rare. The VA-max (red) and the VA-min (purple) paths are the greediest and
the most reluctant VA-edge algorithms, respectively. For this d = 5 example,
the abscissa is chosen so as to minimize path crossings.

This process is equivalent to projecting the initial point onto one of the vertexes of the
Voronoi polytope defined by points that are closer to x4 than to any other obstacle.
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Fig. 3B illustrates the VA-max algorithm among the graph of
VA edges connecting VVs. All other paths are reluctant VA-edge
schemes. Among those, we define the most reluctant VA-min,
which selects the direction of least growth at each VV. (VA-min,
however, is not the most reluctant algorithm of the overall VA
class, for which an inf does not exist.) As expected for systems with
complex landscapes (46), more reluctant algorithms typically
achieve larger packing fractions @rs, over a larger number of
steps than VA-max (87 Appendix). The graph of all possible VA-
edge paths from the initial projection xvv to all final ISs also
presents two key features of rough landscapes: multifurcation and
coalescence. The former is directly connected to the presence of
multiple VA edges at each VV and its probability grows with
d; the latter is the convergence of two trajectories that have
previously bifurcated and its probability vanishes as & increases.

Fractal Basins. The basin of attraction Blaég for a given (deter-
ministic) algorithm is the ensemble of all initial configurations
Xin that reach a same IS. Its volume is proportional to the
algorithmic probability to sample that IS. For VA-max ind = 2,
a geometrical analysis of these basins is straightforward. Because
every trajectory starting within a given DS flows toward the VV
at its circumcenter, the flow of trajectories clusters all DSs that
flow to a same IS. The basin of attraction of each IS is therefore
a pure Delaunay basin

Dis = {a | circ(a) = x5 or 36 € Dis s.t. circ(a) C b}, [4]

where 4, 6 are DS and circ(a) is the circumcenter of 4. Put
differently, the basins of attraction can be decomposed as one
stable DS surrounded by unstable DSs. As can be seen in Fig. 1,
in d = 2 the resulting basins are heterogeneous in shape and,
in contrast to the cells in Voronoi or Delaunay tessellations,
not necessarily convex. From the definition of a Delaunay basin,
a simple greedy algorithm naturally follows: At each step, the
tracer moves to the circumcenter defined by the vertices of the
Delaunay simplex (DS) that currently contains it. In other words,
it displaces the tracer to a nearby Voronoi vertex that most
increases its radius (S/ Appendix). Remarkably, in the RLG, this
procedure is equivalent to the CALiPPSO linear optimization
algorithm (29, 30). As a result, basins of attraction for this scheme
exactly correspond to Delaunay basins in all 4. For VA-max
in 4 > 2, although a similar decomposition does not exactly
describe basins due to the initial simplex having more than one
unstable direction, numerical results suggest it is nevertheless a
very good approximation, especially for large d (S Appendix).
The basin structure of any greedy algorithm naturally forms
a tree-like graph. The root vertex is then the stable DS, each
node corresponds to a simplex, and each edge represents the
algorithmic step from one simplex to another. Fig. 4 A and
B depict the tree-like organization of DSs within a Delaunay
basin, derived using the Eq. 4 definition, after numerically
tessellating the space into DSs. Given that the number of
simplexes within a typical basin scales exponentially with o
(due to the above-mentioned scarcity of stable DSs), we expect
that, even in moderately high dimensions, basins exhibit intricate
graph structures with nontrivial fractal dimensions (S/ Appendix).
To further characterize this structure, we consider the joint
distribution of basin volume Vp,, and circumcenter radius 75
(or equivalently, packing fraction) in Fig. 4C. In all 4, the
a/2

basin volume growth is consistent with oc 7*°, much faster

than for compact objects, for which V' . (Recall that
the RLG is a single-particle system, and hence its phase space
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Fig. 4. (A): Tree graphs of the Delaunay basins in Fig. 1E as described in
the text. The fraction of basins with a single DS (circled in blue) decreases
exponentially as d increases. (B): Tree graph of a large Delaunay basinind = 4
illustrating the growing fractal-like nature of these basins with d. (C): Joint
distribution of the logarithm of the Delaunay basin volume Iog(VDlS) and the

circumradius rig ind = 2...5 from direct Delaunay tessellation (S/ Appendix).
The volume of basins composed of one simplex is upper bounded by the
volume of regular simplexes (blue dashed line). The noncompact dependence

of the volume of Delaunay basins (green cloud) trends consistently with « rl‘éz
(green dashed-dotted line), hinting at their fractal-like nature. Both blue and
green clouds are pdfs with contour lines at 2K with k = —5.... 1. (D): Probability
distribution of the logarithm of the Delaunay basin volume, conditioned on
the packing fraction: the mode of the distribution, ¢ = (d — 1)/d, and a
typical value obtained from the dynamics, ¢|s = (@is)caLippso- Log-normal
fits (dotted lines) are provided as reference.

is d-dimensional.) Fig. 4D presents the log-distribution of
volumes conditioned on packing fraction for 4 = 2,3,4,5.
Two packing fractions are considered: i) the mode of the
uniform sampling distribution, and ii) the typical value reached
dynamically, (@1s)carippso- In both cases, the distributions
flatten as dimension increases. In all dimensions, the extension
of the Edwards hypothesis to single-particle systems—namely,
the assumption that all configurations at fixed @ys are sampled
uniformly at jamming (47, 48)—appears to be violated. For
the first packing fraction, the distribution is approximately
log-normal, consistent with observations in multiparticle sys-
tems (49). However, the distribution conditioned on the second
packing fraction is significantly broader, indicating that the
basins sampled by VA compression are highly heterogeneous
in size. Interestingly, this behavior contrasts with what was
reported for systems of polydisperse disks (50, 51), for which

pnas.org
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the distribution narrows instead, consistent with the Edwards
hypothesis. This discrepancy may point to a more fundamental
distinction between single- and multiparticle systems. Perhaps
the heterogeneity of single-particle basins is effectively smoothed
out in multiparticle systems due to the presence of collective
degrees of freedom that can be optimized. As a result, the basins
of the latter might tessellate configuration space more efficiently
than the former, thus suggesting a collective origin of the Edwards
hypothesis. The precise origin of this difference remains, for now,
an open question.

The basin volume distribution further provides insight into
algorithmic outcomes. The basin volume of an algorithm indeed
reweighs the contribution of an IS relative to the uniform
distribution,

VBa{g
(@1shalg = Y —>@1s (5]
S Viot
Because the uniform measure ensures Eis[@] = 1, having

(@15)alg > 1 indicates a nonuniform weighting across basins.

Jamming Density Results. As expected for systems with complex
landscapes (e.g. refs. 52-54 for mean-field systems and refs.
55-57 for multiparticle systems), different optimization algo-
rithms reach ISs at different “depths” in the landscape. Although
the maximal radius 715 achieved when starting within the basin of
attraction of a particular IS is geometrically fixed, the probability
of ending in that basin is algorithm dependent, as in Eq. 5. We
here consider the performance of three different VA algorithms,
i) VA-max, ii) VA-min, and iii) force-min, as well as the VA-
like scheme, iv) CALiPPSO. For the RLG, Lerner et al.’s force-
min (58) is a VA reluctant algorithm that does not follow VV
edges, while CALiPPSO is a greedy but nonlocal scheme (§7
Appendix). Fig. 54 compares (@1s)al; obtained by averaging over
both trajectories and realizations of disorder, starting from an
initial density @;, = 0. In all cases, the results are markedly
larger than the uniform sampling bound, E[@1s] = 1, mentioned
above. As expected, VA-max gives the lowest jamming densities
in all 4, thus identifying @0 = (@15)VA-max for @in = 0;
CALiPPSO gives nearly indistinguishable results. Remarkably,
VA-min and force-min produce nearly identical results (albeit
over a more limited & range), just as VA-max and CALiPPSO
do. The gap between these two pairs of algorithms, however,
grows with , thus underscoring the growing complexity of the
optimization landscape.

In order to relate these finite-# findings with the exact DMFT
results for the limit 4 — oco—once they become available—
a dimensional extrapolation is needed. A simple 1/4 scaling,
however, does not capture the trend of even the highest 4
results achieved, in marked contrast from what is observed
for equilibrium observables in that same model (59). Recent
results for other systems with complex landscapes suggest that
an altogether different finite-size scaling form, 4% with 2 < 1,
is to be expected (53, 60), but limited theoretical guidance is
available for choosing 2. Unfortunately, that choice substantially
impacts the extrapolation outcome, with the systematic error far
exceeding the statistical one. For instance, in the limit 4 — o0,
a = 1/2 gives pjo = 2.49(2) at one extreme, and @ = 1/4 gives
@10 = 3.09(2) at the other (fits are for 4 > 30). This density
range is nevertheless largely consistent with earlier estimates
obtained by GD on a softened RLG (31) and by force-min on
the many-body problem (61) [after appropriate rescaling (31)],
especially given that these estimates were obtained from narrower
d ranges and extrapolated with 2 = 1.

PNAS 2025 Vol. 122 No. 45 e2422096122

Fig. 5. (A): Dimensional dependence of the jamming density reached from
oin =0, (<2;|S>a|g, for VA-max, VA-min, force-min, and CALiPPSO. The empirical

scaling d=1/3 gives a (nearly) linear scaling in large d. Both VA-max, the
greediest local algorithm, and CALiPPSO, its nonlocal equivalent, achieve
similar densities. Their extrapolation (thin dotted lines) suggests that ¢p =
(@15)VA_max = 2.73(2) in the limit d — oc. For all d > 2, VA-min and force-min
give significantly denser results, with (@5)ya-min = 2.94(9) asymptotically.
Inset: The cumulative distribution of @5 for VA-max (full lines)ind = 2...64
markedly sharpens as d increases. CALIPPSO results (dotted lines) are almost
indistinguishable on this scale. The expected value for the uniform measure
over ISs (dashed vertical line) as well as @0 in the limit d — oo (dotted vertical
line) are given as reference. (B): Dimensional dependence of (&is)va-max
(full lines) and of the finite-d estimate of (¢yy)va-max (dashed-dotted lines)
reached from various ¢;,. [The red curve is the same as in (A)]. For i, > ¢4,
@ (symbols) agrees with (@yy)va.max Obtained by a linear extrapolation in
1/d (thin line), but not so for ¢j, 2 ¢4. Dotted lines indicate the VA-min curve
for ¢j, = 3.2 and 6.4, closely matching the VA-max curve at these densities.

Gardner Transition. Trajectories can also be started from finite
initial (equilibrium) densities, i.e., @i, > 0. Algorithms are then
expected to reach ISs that lie deeper in the landscape, as shown
for VA-max in Fig. 5B. Recall that in the limit 4 — o0, for
@in < 4 = 2.4034 ... the equilibrium dynamics of the RLG
is ergodic, while for @i, > @4 it is localized to a cage (32).
In the latter regime, a slow (adiabatic) compression as the tracer
remains inside its cage makes state following calculations possible
(see (10, Ch. 6) for details). For each @j,, there then exists a
corresponding Gardner packing fraction ¢G(@in), at which the
cage fractures into a full hierarchy of subcages, a transition known
as full replica symmetry breaking (fullRSB). Simulations further
hint that a Gardner-like transition might be generally observable
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in a fast (nonadiabatic) compression, but theoretical guidance is
lacking (17).

The simplicity of the RLG landscape geometry makes a broader
consideration of Gardner physics possible. Recall that the initial
VA projection collapses trajectories onto the first VV. In other
words, a whole compact volume is reduced to a point. After this
projection, the system explores the intricacies of the Voronoi
edges that underlie landscape roughness (Fig. 4). The end of
the projection phase at volume fraction @vv therefore signals
a dynamical transition analogous to the (adiabatic) Gardner
transition in the limit 4 — 00, where the landscape becomes
truly rough. Unlike the adiabatic transition, however, this
dynamical transition can be observed for a// @j,.

Fig. 5B reports the dimensional evolution of @4g = (Pvv),
which in the limit 4 — 00 defines a dynamical Gardner
transition. Unlike the jamming transition, @4 clearly scales as
1/d, consistent with its location being controlled by compact
rather than rough landscape features. Its extrapolation to the
limit 4 — o0 is therefore numerically robust. Interestingly, for
@in 2 @4 the adiabatic and the dynamical Gardner transitions are
clearly distinct, with @4g > @g. For @iy > @4, however, the
two nearly coincide. In this regime, the tracer is caged within
a nearly convex polytope, for which jamming is algorithm-
independent. All algorithms—be they greedy or adiabatic—
systematically converge to the center of the sphere inscribed in
that polytope (33). In thislimit, the Gardner dynamical transition
can then be defined as the point at which the shrinking cage loses
its first facet (i.e. at the first Voronoi vertex). At this point,
compression begins to experience bifurcations, thus mirroring
the 4 — 00 Gardner transition, at which point the replica
symmetric (i.e., convex) solution becomes unstable and gives
way to a multiplicity of solutions.

For @in < ¢4, no adiabatic transition exists, but the dynamical
one smoothly continues across. The density gap between the
jamming and the dynamical Gardner transitions further grows
as @i, decreases and persists even at @i, = 0. Finite-d echoes of
this physics should therefore be discernible along the compression
trajectory of even the simplest of jamming systems, at least for
d>2.

Jamming Universality. Independent of the particular compres-
sion algorithm, isostatic jammed configurations have been
reported to exhibit robustly universal properties. For many-body
systems quantitative theoretical predictions obtained in the limit
d — 00 (10) have indeed been found to persist down to d = 2
(16, 17). Given that these critical scalings only emerge in the
thermodynamic limit, this collective effect would not be expected
to hold as-is for the single-particle RLG. The distribution of gaps
between nontouching obstacles, for instance, remains far from
the d — 00 scaling with y = 0.4127 ... even at the highest &
reached (Fig. 6 A, Inset). The small force distribution, however,
does exhibit a power-law regime compatible with the predicted
exponent, § = 0.4231 ..., evenin fairly low 4. This is confirmed
by the finite-size scaling analysis of Fig. 64 for VA-max, using
a squared-force normalization at each IS (see S/ Appendix for
details). The difference in 4 scaling between the two observables
is consistent with their finite-size dependence in many-body
systems (17). While the anomalous force distribution can be
observed in fairly small systems, hints of the gap distribution
require at least 200 particles.

More striking is that the geometry of isostatic contact vectors
is robust even for small 4. Different algorithms achieve IS with
similarly distributed obstacles—an observation also made in
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Fig. 6. (A): Scaled cumulative force distribution for the rescaled forcef =
f/(f)for VA-maxISs reached from ¢;, = 0. Therescaling resultsin a very good
collapse and a clear crossover from the linear regime (dash-dotted line) to the
anomalous power-law regime (dashed Iine),f1+9~~ with @ = 0.4231....(Inset)
The cumulative gap distribution does not similarly present an anomalous
regime (with y = 0.4127...), consistent with the expected larger finite-d
correction (see text). (B): Cumulative distribution of the smallest f, contact
forcefork =1...4foreachISind = 4,8, 16, 32. For each force type and each
d, four different algorithms are considered: VA-max, CALiPPSO, VA-min, and
uniform (flat) sampling. The resulting force distributions are identical for the
first three, but differs for the uniform sampling. This supports the geometric
universality observed in jamming physics.

multiparticle systems (25). As shown in Fig. 6B, for instance,
the cumulative distribution of the k-smallest force, f;, for
k = 1...4 changes with & but not with algorithm. VA-max,
CALiPPSO, VA-min all give nearly indistinguishable results.
Only the uniform sampling yields a distinct result. This difference
can be interpreted—by analogy with potential energy landscape
analysis—through the concepts of marginal and gapped IS. We
conjecture that all sufficiently greedy (and sufficiently local)
dynamics converge to marginal ISs and that all such marginal ISs
belong to a common jamming universality class, but a geometric
definition of marginality in nonsmooth energy landscapes is still
lacking. We conclude that the structural universality of jamming
is present in small &, encoded by the landscape and independent
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of the specific dynamics. The algorithm merely sets the overall
scale. A purely geometric analysis of marginal ISs should therefore
be able to extract the jamming critical exponents and hence fully
explain their universality.

Conclusions. In this work, we have studied the landscape geom-
etry and the volume ascent class of optimization algorithms for a
paradigmatic model of real-space jamming, the random Lorentz
gas. By analytically studying the complexity of its inherent
structures, we have shown that in large dimensions, (phase) space
is almost completely filled with volumes that are unstable under
compression and we have identified the geometric origin of the
ensuing landscape roughness. The basins of attraction therefore
exhibit a growing hierarchical and fractal structure as  increases,
a complexity reminiscent of what is reported for the many-body
case (62). The greedy VA-max algorithm was further argued to
be an optimal choice for computing @jo.

Through the landscape analysis, we have identified en passant,
a dynamical analogue of a Gardner transition that should
be experimentally accessible, and shown that static analytical
predictions for d — 00 agree with this definition for VA
algorithms. We have also found that the structure of jammed
configurations is unaffected by the choice of jamming algorithm
and converges to mean-field predictions in the limit 4 — o0,
indicating a geometric origin for jamming universality.

Several research directions stem from these results. First, a
generalization of VA-max to multiparticle systems should be
possible. It would then be interesting to consider whether these
systems exhibit similar landscape properties as their single-particle
counterpart. Given the lower computational complexity of the
algorithm compared to previous proposals, a thermodynamic
estimate of @jo—a more physically and mathematically ro-
bust quantity than RCP—should then also be within reach.
Second, solving the DMFT equations associated with the VA-
max algorithm enables a direct investigation of the dynamics
in the infinite-4 limit and a more accurate extrapolation of
the asymptotic packing fraction. This contrasts with previous
methods (31), which required first extrapolating to infinite
time at finite softness and then taking the zero-softness limit-
an indirect and potentially less reliable procedure. An exact
solution of the scheme in the limit 4 — 00 should therefore
be within reach. Third, the algorithmic robustness of jamming
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