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For disordered systems within the random first-order transition (RFOT) universality class, such as structural
glasses and certain spin glasses, the role played by activated relaxation processes is rich to the point of
perplexity. Over the last decades, various efforts have attempted to formalize and systematize such processes
in terms of instantons similar to the nucleation droplets of first-order phase transitions. In particular, Kirkpatrick,
Thirumalai, and Wolynes proposed in the late 1980s an influential nucleation theory of relaxation in structural
glasses. Already within this picture, however, the resulting structures are far from the compact objects expected
from the classical droplet description. In addition, an altogether different type of single-particle hopping-like
instantons has recently been isolated in molecular simulations. Landscape studies of mean-field spin-glass
models have further revealed that simple saddle crossing does not capture relaxation in these systems. We
present here a landscape-agnostic study of rare dynamical events, which delineates the richness of instantons
in these systems. Our work not only captures the structure of metastable states, but also identifies the point
of irreversibility, beyond which activated relaxation processes become a fait accompli. An interpretation of the
associated landscape features is articulated, thus charting a path toward a complete understanding of RFOT

instantons.
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I. INTRODUCTION

In the late 1960s, Jim Langer proposed a first-principles
description of the rate of decay of metastable states in ¢*
field theories [1,2] through processes later identified by Sid-
ney Coleman as instantons [3]. The resulting rare but nearly
instantaneous jumps between two free-energy minima thereby
formalized and systematized the classical theory of nucle-
ation, itself rooted in J. Willard Gibbs’ 19th-century droplet
picture (see, e.g., Ref. [4]). This description of saddle points
along dynamical trajectories (or transition states) has since
had a marked impact in fields ranging from quantum field
theory and gravity to chemistry.

While for simple systems time-dependent instantons are
straightforwardly associated with real-space nucleation pro-
cesses, for disordered systems their structure is significantly
richer. For instance, in the random-field Ising model in-
stantons not only control nucleation, but also hysteresis
[5,6]; in lightly disordered solids, instantons underlie the
Lifshitz tail of localized states in the energy spectrum [7];
in Edwards—Anderson-like spin-glass models, an instanton
analysis predicts that the replica symmetry-breaking transi-
tion presents a highly nontrivial lower critical dimension,
dy =5/2 [8-11].

For disordered systems within the random first-order tran-
sition (RFOT) universality class, arguably the most complex
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of such classes, the role played by instantons is rich to the
point of perplexity. In these models of spin and structural
glasses, the number of metastable states below the tempera-
ture Ty of dynamical arrest is so large as to give rise to a finite
contribution to the system entropy, i.e., a nonzero complexity
(or configurational entropy). Identifying relaxation pathways
entails finding one’s way out of a particularly confusing
(high-dimensional) labyrinth.

A. Instantons in glasses: State of the art
1. Real space droplet nucleation

Realizing that a finite complexity could be a driving
force for nucleation led Kirkpatrick, Thirumalai, and Wolynes
[12,13] to propose an influential description of the sluggish,
glassy relaxation of systems in this regime. This description of
instantons was still based on a real-space nucleation picture,
similar to ordered systems, but with entropy as the driving
force for the formation of the critical droplet. Various efforts
have since attempted to formalize and systematize this pic-
ture. The Franz—Parisi potential [14], in particular, presents
RFOT systems as being analogously driven toward nucleation
as first-order phase transitions, and has hence served as the
starting point of calculations reminiscent of Langer’s field-
theoretical approach [15-18]. Interestingly, further analysis

©2026 American Physical Society
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of droplet surfaces has found these structures to be markedly
distinct from the compact objects described by classical nu-
cleation theory [19,20]. In parallel, an altogether different
type of single-particle (or few-particle) hopping-like events,
which look nothing like droplets, has been identified to play a
very important role as a seed for more complicated processes
[21-25].

2. Free energy landscape: Saddles and paths

Given the difficulty of nailing down a straightforward real-
space qualitative description of RFOT instantons, alternate
approaches have been considered. The general relationship
between instantons and saddle points of the potential energy
(or “transition states”), in particular, has motivated attempts
at understanding relaxation processes in terms of the criti-
cal points of rough landscapes, either the energetic one for
numerical simulations [26,27], or the free-energetic one for
analytical study of fully connected (mean-field) spin-glass
models [28]. For truly minimal RFOT systems, like the ran-
dom energy model (REM), the landscape analysis appears to
be consistent with the physical expectation that instantons are
equivalent to crossing typical saddle points [29-32]. However,
the simple barrier crossing hypothesis clearly breaks down
for systems only slightly more complex than the REM, such
as spherical p-spin-glass models [33,34]. For those models,
crossing typical saddle points between two minima in the
landscape does not result in the system transitioning from one
metastable state to another. Only through multiple such cross-
ings or through visiting atypical saddle points can relaxation
seemingly proceed. This more involved analysis has yet to be
completed, but a recent work finds that correlations between
landscape features are likely of paramount importance [35].
In summary, the saddle points identified by previous studies
are not sufficient to achieve decorrelation.

3. Dynamical methods

Ideally, activated dynamics would have been first studied
by dynamical methods, and only later recapitulated by means
of static, landscape-based descriptions. Analyzing the former,
however, is significantly more involved than the latter. Only
recently could one of us show that a dynamical investigation
of activated relaxation processes in RFOT systems is even
feasible, through complex path-integral techniques [36]. The
challenge is nevertheless amply worth the effort. By consider-
ing the probability that a system jumps from one equilibrium
state to another, fully decorrelated state within a given time,
Ref. [36] indeed reaped two key insights. First, Ref. [[36],
Sec. A.3] raises important questions about determining the
most efficient pathway toward ergodicity. To see why that is,
recall that in mean-field models the probability of transition-
ing within a finite time is exponentially small in the system
size N, and hence becomes of order unity upon reaching a
time that is exponentially large in N. In simple systems—with
few metastable states—this time is commonly argued to be the
inverse of the exponentially small transition rate. This reason-
ing, however, breaks down in the presence of an exponentially
large number of intermediate states. Instead of considering
direct transitions between equilibrium states, one might then
examine transitions that go through metastable states with a

higher free energy. After accounting for the exponential num-
ber of such states, Ref. [36] found that the total transition rate
becomes exponentially larger than that for direct transitions
to equilibrium states. Second, Ref. [36] found that the very
nature of the jumps from one state to another is anomalous.
In simple models, these jumps occur within a finite time,
independent of the duration of the time window allotted for
the transition, hence their name, instantons. For RFOT mod-
els, by contrast, the jumps extend over the entire available
time window. This suggests that the system then explores a
sequence of marginally stable states, around which the dy-
namics becomes extremely slow. This association, however,
is somewhat confounding because the energies then reached
are markedly higher than those of typical marginal states. In
summary, the dynamical paths identified by previous stud-
ies suggest an extremely complex barrier-crossing process,
which, contrarily to instantons, happens over an extremely
long time; yet, the paths identified by previous studies do
not seem to be the right ones, as they pass through states of
unrealistically high energy.

4. The problem

In short, the program seeking to relate static and dynamic
descriptions of relaxation processes in complex systems has
offered new insights, but has not properly resolved either de-
scription. This acute theoretical tension motivates the current
work. Even if such tension were but an intellectual challenge,
tackling it would be worth ample effort, at least leisurely. The
fact that RFOT instantons play a key role in the dynamics of
structural glasses, optimization problems, and related models
heightens the urgency of breaking through this roadblock to-
ward a first-principles description.

B. Main results

We here make progress on the above problem by analyz-
ing the rare dynamical transitions below the dynamical arrest
temperature 7y in mean-field models of the RFOT universal-
ity class, a regime characterized by an exponential number
of metastable states. We specifically consider a dynamical
process initiated from an equilibrium configuration C, cor-
responding to one such state. Although relaxation dynamics
then remains trapped within that state for a time that grows ex-
ponentially with system size N, rare escape processes remain
possible. A central quantity in their analysis is the overlap be-
tween the initial configuration C and another configuration C’,
q(C, C"), which measures the similarity of configurations and
is defined (precisely below) to be g = 1 if the configurations
are identical, and g = O if they are fully uncorrelated. The
main results of this work, schematically illustrated in Fig. 1,
are as follows.

1. A new dynamical method for escape paths

Our work introduces a dynamical method to investigate
the full richness of instantons in complex systems. Instead of
considering the transition rate from C to another independent
equilibrium state, as in Ref. [36], we consider the transition to
the whole set of configurations C’ that are partially uncorre-
lated with the initial one, i.e., with fixed overlap g = ¢(C, C').
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FIG. 1. Schematics of the basin of attraction in the free-energy
landscape around an equilibrium configuration, as obtained from our
work. At the center lies the reference equilibrium configuration, C
(red dot). A typical other configuration within the cluster, C’, has
an overlap g, with C (green circle). The free-energy landscape
remains convex up to the marginal overlap g, (dashed blue circle).
Beyond this point, the landscape becomes fibered into numerous
channels, but only a few of these channels contribute significantly to
the measure. The free energy keeps increasing monotonically until
(irr» at which point the dominant channels encounter their respective
saddle points (dotted purple circle). Any trajectory starting within
this basin that preserves g > gy, typically returns to g, near C.
However, if a trajectory successfully crosses the irreversible g, with
high probability of never returning.

In principle, the system could then select an atypical set of
such configurations that are more readily accessible, thus pro-
viding a more effective pathway to ergodicity. We introduce
a new dynamical potential V;, (¢) that yields the exponentially
small probability of finding the system in a configuration with
a given overlap ¢ relative to the initial equilibrium configu-
ration after a fixed time #. This potential is the dynamical
counterpart of the Franz—Parisi (FP) potential [14].

2. Phase space is fibered around metastable states

Our work identifies the importance of fibers in phase
space.1 In Ref. [39], Barrat and Franz studied the relaxational
dynamics at N — oo of a system initialized in a configuration
Cop at overlap g with the reference C, as illustrated in Fig. 1,
where C lies at the center. If ¢ is close enough to unity,
i.e., the dynamics is initialized close enough to the center,

'Real-space insights into the nature of the landscape transition from
convex to nonconvex can be gleaned by comparing the caging geom-
etry of the purely convex hyperplane random Lorentz gas (hRLG)
model with that of the random Lorentz gas (RLG) [37,38].

it asymptotically reaches the sphere of equilibrium overlap
geq> Which corresponds to the metastable minimum of the
FP potential. Such relaxation characterizes a simple, convex
landscape and takes place over a time of order one. Upon
further increasing the radial distance in overlap, Barrat and
Franz identified a marginal overlap gys, beyond which the
free-energy landscape is clustered into a multitude of states.
While these states are stable at a fixed overlap with g with
C, they become radially inward unstable once this constraint
is removed, provided g remains large enough, i.e., ¢ > gjy-
A Langevin dynamics then relaxes back” to the state with
q = geq- However, when the relaxational dynamics is initial-
ized too far from C, i.e., with ¢ < ¢;, one lies outside the
basin of attraction of C and the dynamics wanders around the
landscape [39].

Our study considers the inverse process, i.e., starting from
C and looking at the (exponentially small in N) probability
of reaching overlap ¢ in a finite time. We show in Sec. IV A
that provided g > g¢;, the escape process is exactly the time-
reversed process of the relaxational dynamics studied by
Barrat and Franz. This behavior is consistent with the usual
expectation that instantons are the time-reverse of relaxational
processes [43—45], but had not been previously considered for
systems in the RFOT universality class. We thereby obtain two
key insights (Fig. 1):

(1) Instantonic processes are not, in fact, instantaneous.
Already for moderately large g € [gix, gmg], and thus even
more so for ¢ — 0, they do not happen on short timescales
but require instead very long ones. They are nevertheless
fast relative to the relaxation dynamics of the system in the
thermodynamic limit N — oo. The instanton label should
therefore be used with a certain caution when referring to
these processes.

(2) The slowness of the process is due to the fibered
nature of the landscape around each metastable state, i.e.,
the existence of a clustered yet dynamically connected part
of the basin for gy < ¢ < gme. Note that each fiber has a
different energy as a function of ¢, that each fiber starts and
ends at different overlaps, and that, for each ¢, the fibers that
minimize the free energy may differ. As a result, a great deal
of dynamical heterogeneity is expected in this regime. A fiber
ends when the free energy along it reaches a local maximum,
which corresponds to a low-index saddle that acts as a dynam-
ical pivot. Passing it means with very high probability never
coming back. The typical overlap at which the dominant fibers
end defines the irreversible overlap gi.

3. Escape from a state

Because for g < gir dynamics is no longer centered around
the reference configuration C, our work shows that the static
FP potential loses any meaningful predicting power for the
forward dynamics. Dynamics is then dominated by instan-
tonic trajectories, and different states appear at the end of

’Interestingly, this picture is consistent with what one extracts
from the energy landscape (instead of the free-energy landscape) of
spherical p-spin models [40,41]. A gradient descent initiated in these
one-direction unstable minima then eventually reaches the reference
configuration (also known as the spike) [42].
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each fiber. Which of these fibers then dominate the escape
dynamics? Unfortunately, a clear static answer to this ques-
tion remains to be formulated. Here, we instead explore this
question by means of our dynamical analog to the static FP
potential, upon reaching the g < gy regime.

A key feature of the RFOT landscape is the threshold
energy Ey at which most critical points are marginal, i.e.,
minima with one (or a few) zero mode. (For energies above
Ey,, most critical points of the landscape are highly unstable
saddles; below Ey,, most critical points are stable minima.)
As mentioned above, a previous study by one of us [36]
investigated escape paths connecting two randomly chosen
equilibrium configurations and found that such paths reach
energies well above Ey, before relaxing back to low-energy
equilibrium states. This result contradicts the intuitive idea
that once Ey, is reached, decorrelation is easy, and that Ey, is
an upper bound for the energy needed for relaxation. Here, we
consider one equilibrium configuration and the set of states
that reach overlap ¢ with it, which is a much less stringent
constraint. However, we obtain similar results to Ref. [36].
While the origin of this finding is still unclear, we speculate
that the observed behavior reflects fiber contributions that are
missed when assuming a convex equilibrium-state geometry
(see Sec. IV).

We can nevertheless provide some insight into the process
by relying on the following arguments. Both our path-integral
calculation and the static Barrat—Franz calculation [39] show
that the energy remains below the threshold at ¢ = gj,. It
should therefore be possible to escape any given state while
remaining below the threshold energy. To validate this picture,
we obtain the following results:

(1) We show that the static solution selects the deepest
free-energy fibers at each g > g, and that the first fibers
to end (i.e., to turn into saddles) are the deepest ones (see
Appendix C). We should therefore expect the dynamics to
proceed along the deepest fibers and reach a saddle point at
q = qirr» Where escape happens at an energy below threshold.
This interpretation is supported by considering a free-energy
potential that describes a third replica C” constrained to be
at fixed distance to C,C’ [46]. For ¢ < gy, such potential
presents a distinct local minimum (called the M, minimum
of the three replica potential in Ref. [46]), thus indicating that
the third replica remains distinct from the second, while for
q > qirr the second and third replica are in the same state.
This supports the idea that an equilibrium Langevin dynamics
initiated at g < gi no longer relaxes to the reference state
[39].

(2) We present numerical results (in Fig. 10) suggesting
that, if ¢ is small enough, escape trajectories most probably
fully decorrelate after crossing g < gi-

4. A minimal picture of relaxation

Our results show that even in the mean-field RFOT de-
scription of glasses, which presents no spatial structure, relax-
ation remains structured, heterogeneous, and size-dependent.
Although many escape paths (“fibers”) exist, the dynamics
is largely controlled by a few long-lived ones. These paths
proceed through nearly flat metastable states before leading to
other equilibrium states.

More specifically, our analysis reveals the existence of
three distinct regimes, depending on the overlap ¢ from the
reference equilibrium configuration C:

(1) Convex (qmg < g < 1). The free-energy landscape is
convex and the dynamics is essentially indistinguishable from
that of a simple ferromagnetic model. This regime is akin to a
replica symmetric (RS) phase.

(2) Fibered (i < q < gmg)- The free-energy landscape
is fibered and dominated by the deepest fibers for each g.
Although the dynamics is then still centered around C, it is ex-
pected to become strongly heterogeneous, at marked variance
from ferromagnetic models. This regime is akin to a replica
symmetry breaking (RSB) phase.

(3) Instantonic (0 < q < qirr). The distance from C is
large enough that the static FP potential no longer mean-
ingfully describes the equilibrium dynamics in the long-time
limit. The deepest fibers each end in different states, from
which escape can then happen.

In the discussion section, we explain these various results
through what we believe to be a minimal yet generic model,
in which the lowest fibers connect typical metastable states to
“hub” states, from which dynamics can easily decorrelate.

C. Structure of the paper

The rest of this article is structured as follows: Section II
briefly reviews the equilibrium phenomenology of models
within the RFOT universality class and revisits a few concep-
tual frameworks for describing their free-energy landscape,
before introducing our new dynamical scheme for studying
instantons and illustrating its effectiveness for a simple fer-
romagnetic Ising model; Sec. Il describes the dynamical
potential calculation for prototypical spin glasses. Using the
conceptual framework presented in Sec. I, dynamical poten-
tial and simulation results are then analyzed in Secs. IV and V,
respectively. Section VI concludes with a broader discussion
of the findings and speculations about how to surmount the
remaining hurdles.

II. METHODS

In this work, we focus on the Langevin dynamics of
the spherical p-spin model—introduced by Kirkpatrick and
Wolynes [12] as a paradigm for glass-forming liquids—which
captures the key dynamics and metastability features of the
RFOT universality class. By solving noncausal mean-field
dynamical equations and by running extensive numerical sim-
ulations, we obtain insight into the dominant escape paths in
finite-N systems and interpret the results in terms of a refined
free-energy landscape description.

In this section, we first review the model landscape con-
sidered in this work, which belongs to the RFOT universality
class. We also briefly revisit the equilibrium phenomenol-
ogy of this model as well as previous studies of the local
free-energy potential and of the underlying energy land-
scape. We then propose a physical description of the rare
escape trajectories for leaving an equilibrium state in this
landscape.
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A. The spherical p-spin glass

One of the simplest mean-field models in the RFOT uni-
versality class is the pure spherical p-spin glass with

E Jiriy...i,01,0iy * ** O (1)

i1 <iy<--<ip

Hj(o) =
where o is a vector of N real variables o; that satisfies the

spherical constraint
Dol =N, 2)

and the couplings J;;,..;, are independently and identically
distributed Gaussian random variables with zero mean and
variance 1/(2NP~!p!).

For this model, we consider both the equilibrium
Boltzmann-Gibbs’ distribution, Peq(0) = e ) /7, and
the overdamped Langevin dynamics at temperature 7,

6; = —V;H;(0) — no; + &, €))

fori =1, ..., N and white noise (§;(1)§;(s)) = 2T 8;;6(t — s).
[The term —puo; enforces the spherical constraint given by
Eq. (2).]

As we describe below, at sufficiently low 7', such a model
is characterized by a large number of metastable states. For
a dynamics initiated in a typical equilibrium state taken from
Pey(0), we are specifically interested in the probability and
typical profile of rare trajectories that relax out of this state.

B. Phase transitions within RFOT

In the thermodynamic limit, the equilibrium Boltzmann—
Gibbs’ distribution Peq(o) of mean-field models within the
RFOT universality class presents three equilibrium regimes
separated by two transitions: one dynamical at 7y and the other
static at T, with Ty > T; [12,47]. These phase transitions can
be conveniently captured via the Franz—Parisi (FP) potential
V(q) [14], which is nothing but a thermodynamic potential
associated with the overlap between configurations o and ,
q=x >_;0;;. (The overlap measures the similarity of con-
figurations, g = 1 corresponding to identical configurations
and g = 0 to decorrelated—orthogonal—ones.) Using as ref-
erence T drawn from the unconstrained equilibrium measure,
Pey(t) = e P11 /7, the FP potential is then

V(@) =) Py(t)In ) e PH@O8(Ng—0 -7),  (4)

where the average over the (quenched) disorder J is denoted
by [...]. Note that the overlap is the order parameter of V (¢),
and hence it is not optimized during the replica-based cal-
culation of the quenched average; a different optimization is
solved for each gq.

For the high-temperature ergodic phase (T > Ty), the min-
imum of V(gq) lies at ¢ = 0 and V (g) is everywhere convex.
As a result, the cost of keeping two configurations at g > 0 is
always positive; two independent configurations are typically
uncorrelated.

The high-temperature ergodic phase undergoes an
ergodicity-breaking transition at 7y, below which phase space
is disconnected in states (also dubbed the clustered phase).

TABLE I. Landscape parameters for the spherical p-spin-glass
model with p = 3; for the bottom part, 7 = 1/1.695.

Quantity Value Quantity Value
Ed —0.8165 4qaq 1/2

E, —0.8532 qs 0.6540
Eqq —0.8475 Geq 0.6340
Eng —0.8354 Gmg 0.5134
Ein —0.8339 Girr 0.3234
Ehub —0.8349 Ghub 0.3792
Eq —0.8312 Gh 172

The FP potential then develops a secondary metastable
minimum at a finite geq > 0. While it is always thermo-
dynamically favorable to have uncorrelated equilibrium
configurations, ¢ = 0, it is also possible to have a locally
stable minimum with two configurations having finite overlap
Geq > 0, which is thus interpreted as the equilibrium overlap
(Edwards—Anderson parameter) within a metastable state. Put
differently, the Boltzmann—Gibbs’ distribution is then broken
into many states, composed of groups of configurations with
overlap geq > 0, and fully decorrelated from each other,
i.e., with mutual overlap ¢ = 0. The numberx N of states
can be computed [14,48] and is so large as to give rise to
a nonzero complexity, X(T) = %lnNN(T). In this regime,
because the height of the free-energy barrier separating the
two minima of the FP potential is extensive in system size,
states are long-lived in the limit N — oco. Within the basin
of attraction of a state, the value of the FP potential relative
to its value at the local minimum therefore quantifies the
probability of the corresponding overlap ¢. For finite-N
systems with Ty < T < Ty, however, the finiteness of those
barriers—together with the stable state having ¢ = 0—makes
escaping a metastable cluster possible. Such activated
escapes, whatever their form, need to surmount a free-energy
barrier to proceed, in analogy to instantons in simple systems.

Finally, for T < 7y the minimum of V(q) at geq > 0 be-
comes the absolute minimum, and hence nothing drives the
system away from a given (equilibrium) state. At 7; and be-
low, X(T;) = 0, which gives rise to a thermodynamic phase
transition toward an ideal glass state at T = Tj.

For pure spherical p-spin-glass models in particular,

_[p(p—2)r2
=V )

with gq = geq(Ty) = (p —2)/(p — 1) being the typical over-
lap of pairs of configurations belonging to the same state at
Ty. The static transition temperature 7; has a slightly more
complex expression (see, e.g., Ref. [[49], Sec. 7.2.2]), but
because we here only consider the case p = 3, it suffices to
note that Ty = 0.612372 and 7y = 0.586054. Although all the
calculations and analysis are here performed in the clustered
phase at T = 1/1.695 =~ 0.5900—-closer to 7; than to Ty—the
overall presentation should be largely independent of that
specific choice, as long as Ty < T < Ty. Various landscape
parameters for this setup are summarized in Table 1.

Note that in the following, “state” systematically denotes
one of the sets of typical equilibrium configurations with
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mutual overlap g.q, and “basin” denotes a wider set of (possi-
bly nonequilibrium) configurations that share a common state
as their dynamical attractor. In general, we assume readers
to be familiar with the above picture. For the others, detailed
reviews can be found in Refs. [50-52].

C. Dynamical potential scheme

The strategy we propose for extracting instantons for sys-
tems in the RFOT universality class entails starting from a
randomly selected equilibrium reference configuration 7 at
time #; = 0, and then constraining its dynamical evolution
such that at a time #; later the system has a given overlap g with
7. (This dynamical construction is reminiscent yet distinct
from the static FP potential given by Eq. (4), as discussed
below.) Because this scheme is agnostic about the number of
barrier jumps and the type of barriers crossed to decorrelate
(either fully for ¢ = 0 or partially for 0 < g < geq) from 7, its
results should robustly provide the optimal dynamical path-
way taken by the system over a given #. In the limits #; — co
and N — oo (in that order) for g = 0, instantonic pathways
should therefore be recovered. However, this limit is inac-
cessible in disordered systems. We are therefore constrained
to consider the opposite limit N — oo at fixed #;, and then
extract information from the large deviation function V;, (g).

Before proceeding with the analysis of this function for
RFOT landscapes, we pedagogically illustrate its construction
in a ferromagnetic system for which instantons are well-
understood.

1. Ferromagnetic case

Let us consider a mean-field ferromagnetic Ising model for
N spin variables o; &= 1 [53] with

1 M?
H(g):—ﬁZaiaj—th:—m—hM, (6)
ij [

using the magnetization M = Zf\’: | 0 as the order parameter.
Here, because the ground states are ordered with all spins
either up or down, one can replace the overlap (scalar product
between two typical configurations) with the magnetization
(scalar product between an equilibrium configuration and the
ground state) with qualitatively similar results.

The free energy constrained to a fixed M, which is then the
analog of the FP potential, is then

1
F(M)=——1n [ > eﬁH@}
ﬂ o|y o =M

= 1 In |:< N )ezﬁ/M2+’3hM:| @)
B (N+M)/2 ’

which in the thermodynamic limit N — oo can be written as
a function of the average magnetization m = M/N,

lim lF(mN):f(m):—m—z—mh
N—oo N 2
1T 4+m)
E[ 2

+ In(1 + m)

+ U _2m) In(1 —m)]. ®)

Because the system Hamiltonian depends only on M, it
follows that at any time ¢, the probability of obtaining a con-
figuration o depends on its magnetization alone, i.e., p;(c) =
p:[M(o)]. The evolution equation for the single spin-flip dy-
namics can then be expressed as [53,54]

Lp =0p (M) =W, (M —2)p,(M —2)
+ W_(M +2)p,(M +2)
— [W_(M) + W, (M)]p: (M), &)

with transition rates

W (M) = N=M p(e+n)

, 10

> (10)
N+M -

W) = S ), (11)

consistent ~with  the detailed balance condition

W (M)e PEM = W_(M 4 2)e PFM+2  Ag for the static
case given by Eq. (8), in the thermodynamic limit, it is
possible to obtain the time-dependent large deviation function
for a given #;

1
Vim) = = lim_In p, (1), (12)

which corresponds to p, (M) = e~V M/N)+o(N) To obtain an
expression for V; (m), we write Eq. (9) by considering the
continuous version of the detailed balance condition,

w_(m)

w(m)

= exp[2Bf'(m)], 13)

with rates

1 1
wa(m) = lim —W.(Nm) = %fﬁmﬁ’”. (14)

We therefore obtain, to leading asymptotic order in the limit
N — oo [53],

[e—Ber(m) —1]= w+(m)[e23mVr(m) - 1]
+ w_(m)[e M — 11 (15)

Considering stationary solutions, which correspond to the
long-time dynamics, limy,_, o V;, (m) = V (m), gives

0=w, (m[e ™ — 11+ w_me 2™ -1]. (16)

A constant, V(m) = B, is a possible solution of this equation.
If V(m) is not a constant, then we can equivalently write

2y’
e2V'om _ _ _w,(m) _ 28fm) 17
—2V'(m) 1 - = —€ 4 (I7)
e - wy (m)

for which V (m) = Bf(m) + A is also a stationary solution.

Combining these two functions and imposing that the
solution be continuous and derivable at every point results
in a stationary solution of the piecewise form (in the two-
minimum regime)

Bf(m)+A
Bf(Mmax) + A Miefmin < M < Mimax (18)
ﬂf(m) +B m < Mieft-min

N > Mpax

V(m) =
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FIG. 2. Long-time limit of the dynamical potential V (m) (col-
ored lines), along with the Landau free energy g f (m) (dashed lines),
for the fully connected Ising model with 42 = 0 at various subcritical
T =4/5 (blue), 2/3 (orange), and 4/7 (green). (The critical temper-
ature is 7. = 1.) The finite-time V. (m) fort; = 1, 2, 4, 6, 10, 15, and
20 (pale blue lines, from top to bottom) for 7' = 4/5 is obtained by
numerically integrating Eq. (15). The harmonic approximation to the
right minimum is given for 7 = 4/5 (dotted line).

where mpy,x is the position of the intermediate maximum of
f(m) (the barrier position) and myefmin 1S the position of the
minimum of f(m) to the left of that barrier. The constant
A is determined by imposing minV (m) = 0, which follows
from the normalization of p, (M), while B is chosen to match
heights at mefmin, thus providing a continuous function. The
stationary condition is then satisfied on both sides of the bar-
rier and corresponds to the long-time dynamics starting from
an initial condition concentrated around the right minimum.

Without loss of generality, we consider the case h =0
and temperatures below the critical point, T < T, = 1. As ex-
pected, a time that grows exponentially with N is then needed
to escape a basin (Fig. 2). Assuming that the system is initi-
ated with m = meq att = 0, two regimes relative t0 mpax = 0
emerge for V(m): (i) mmax < m < 1,and (ii) —1 < m < Mpyx.
In (i), the dynamics remains close to the equilibrium value,
corresponding to the spontaneous magnetization—the local
minimum of f(m)—for most of the trajectory, until a quick
jump to m takes place near the end of the allocated time,
irrespective of the chosen (large enough) #;. This quick jump
is completely captured by taking the mirror image of the re-
laxation to the nearest equilibrium starting from the endpoint,
as is well known in the theory of instantons [43—45] (see also
Sec. I1 C 2). The relaxation curves therefore fully collapse for
t — tr. In (ii), py, is dominated by the barrier crossing process.
After the barrier at my,.x is crossed, relaxation to any m >
Micfmin takes a time of order one. As a consequence, V;, is
constant for Miegmin < M < Mpax. Only for m < Myefmin, 1.,
upon approaching m = —1, is an additional exponential factor
required. Note that in the absence of a magnetic field, the
model considered is perfectly symmetric with my,, = 0. The
dynamical results therefore perfectly match what the static
f(m) would have suggested.

2. Reversible regime

Because the dynamical properties of regime (i) are particu-
larly important for the analysis below, we also illustrate them
for a ferromagnetic model. For the sake of analytical sim-
plicity, we consider the case of Gaussian distributed spherical
spins—instead of Ising spins—and perform a rotation such
that the magnetization density obeys the Langevin equation,

D+ P+ —=¢ (19)

—_ = = m —s.

di H JN
Using a path-integral representation of the Langevin dynamics
as discussed, e.g., in Ref. [[36], Appendix], we then obtain
that the transition rate is given by

Ty (my ) ox / [dm1eNE, 20)

with

A A 1 [ dm\?
L= —"m2 —.2——/ dr| [ — APm? (1) |,
Ry ar) A

2n

where A = + 8. Due to the factor N in the exponential,
the integral over trajectories is dominated by the maximum.
Extremization yields

d*m

— —A’m =0, 22

2 (22)
with boundary conditions m(0) = m; and m(t;) = my, which
has for solution

m(t) = m; cosh At + (mgcschAty — m; coth Aty) sinh At.
(23)

Figure 3 shows that, for large #, this solution behaves as
described above. The Lagrangian on the solution can then be
computed,

m? I —cothAf , , )
Ty (mys|m;) oc exp {NA -5 + T(mt +mi)
1
— Emff’f’liCSChAtfj| } 24)
m?
NAZE

In the limit # — oo, we then have Tj, (ms|m;) — e "2
irrespective of m;. Note also that if m; = 0 and m(t) = m we

have
V,, (m) = B(ts)m*, (25)

where B(t;) = A(1 4 coth#)/4 diverges as 1/t in the limit
ty — 0 and converges to A/2 in the limit t; — 0.

III. DYNAMICAL-POTENTIAL CALCULATION

This section presents the analytical machinery needed
for obtaining a dynamical counterpart to the FP potential in
the sense illustrated in Sec. IIC for a simple ferromagnetic
model. Put succinctly, for the limit N — oo we obtain a series
of integro-differential equations for a set of order-parameter
functions. We here sketch how the analytical computation
is done, referring to Appendix A for its technical details.
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FIG. 3. Optimal trajectories of the magnetization (in a harmonic
well) around my,;, = 0.71 for T = 4/5. The dynamics is initiated at
m; = 1 and set to reach my; = 1/2 at times #; = 1, 2, ..., 10 (green
lines). For long enough f¢, the optimal relaxation trajectories from
m; t0 My, (dashed blue line) and the mirrored ones for t; — ¢ at
from my to mpy, (dashed red lines) recapitulate the approach to and
depart from m,, respectively. (inset) Representation of the forward
relaxation (blue arrow), the jump to the final magnetization m; (green
arrow), and its mirroring relaxation (red arrow) within the harmonic
potential.

We then describe how these equations were numerically
evaluated.

A. Analytical approach

Starting from an initial equilibrium configuration 7—
drawn from the equilibrium distribution Peq(7)—we wish to
determine the logarithm of the probability that, over a time in-
terval #;, the Langevin dynamics given by Eq. (3) leads to any
configuration ¢ having an overlap g with 7. This dynamical
analog of the static potential in Eq. (4) is expressed as

Vi(gr) =Y Peg(t)In 254 (t3 1),
Z4(tiq0) = Y T14(0|T)S(Ngr —o - 7),  (26)

where 7T}, (o |t) encodes the probability of following a given
trajectory starting from 7 and reaching o within a time #¢. For
convenience, we express the rate using a helper function

T)u(o, 7) = 2 WO-HOIT, (5]7), @7

which, due to the detailed balance condition, is symmetric
with respect to the exchange t < o.

To calculate this dynamical potential, one has to average
over disorder J. We do so by employing the replica method
twice: first to get rid of the logarithm in Eq. (26), and second
to obtain the inverse partition function in Py(z) as Z; ' =
lim,,—¢ Z}”_l. We can then write the dynamical potential as

oo d
Vi (g¢) = lim 1111(1) EZJ’T(m, n), (28)

m—0n—

where we have defined

Z, #(m,n) = Z o B i Hi )~ (1=5 )Hy(r1)=5 32} Hy(on)

o
< [[%r4(0. 11)8Ngs — 71 - 03), (29)
b=1

Note that for T > T; an annealed (equilibrium) average co-
incides with a quenched average, and hence a single replica,
m = 1, suffices

T/ A — 1 . -
r}gr})ilg(l) %quf(m, n) ~ Z:J ,1113(1) %ZJ’T(I, n). 30)

The quantity fj]’tf (0, 7) can then be written as a path in-
tegral; see Ref. [[36], Appendix] for a detailed derivation.
As we show in Appendix A, introducing bosonic variables
that behave as the product of two Grassmann variables com-
pactly expresses this path integral in terms of superfields, in
a form that closely resembles the standard static calculation
for this model. Averaging over the quenched disorder can
then be performed, and in the thermodynamic limit N — oo
a saddle point approach can be used to obtain the dynami-
cal potential. Under a replica symmetric ansatz assumption
(see Appendix B), its expression depends on eight two-times
order parameter functions that are respectively the correla-
tion functions C(¢,¢’) and C%(¢, '), the (time-symmetrized)
response functions Ri(t,t), Ri(t,1), Ry(t, 1), and ﬁg‘(r, ),
and the causal susceptibilities § (¢, ') and §9(z, ¢') that satisfy
self-consistent integro-differential equations. Note, however,
that the RS condition breaks down in the fibered regime of the
FP potential, as discussed in more detail in Sec. IV.

At the saddle point, those quantities have a simple phys-
ical interpretation. The function C(z,t') represents the mean
correlation between system configurations encountered along
a single Langevin trajectory at two different times ¢ and
s CY(t, 1) quantifies the correlation between configurations
sampled from distinct dynamical trajectories, hence the “dt”
superscript. More specifically,

C(t,t") = [{si(t)s; ()],
CU(t, 1) = (s (s: )],

(31a)
(31b)

where s;(¢) is used to denote the value of spin i at time ¢, so
as to avoid confusion with the initial and final configurations
denoted by o and 7, respectively. The square brackets [...]
denote averaging over the initial condition 7, and the angular
brackets (...) denote averaging over the Langevin dynamics
starting from t and constrained to evolving, within a time win-
dow f¢, to a configuration with overlap g¢ from 7. Similarly,

Rit,t) =Ryt 1), (32a)

R (t, 1) = R§'(¢', 1), (32b)

5 o L[] 3si0)

R0 =14 [<ahi<r')>ﬂ ’ (20
h;=0

pdt N o l ) 1 aZJ,tf

Ry (t,1") = ﬂ[m(t)) Z. ahi(t’)} . (32d)
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N , l 1 822][[
0.0 = | g—ar || o G20
B> L 21 0hi(0)ohi(t') 11,
2 z/):i[ P 83]*”] (326)
B2 22, o) om) )| o

where £;(¢) is an instantaneous magnetic field switched on
at time ¢ on site i. See Appendix A for additional details.
Together with the two-time functions, we have to account
for two additional Lagrange multipliers, ft(t) and wu(z), that
impose the spherical constraint from Eq. (2), C(¢,¢) = 1, and
the value of the response function at equal times, Rz (t,t) = %,
respectively. Appendix B 1 shows how the dynamical con-
straint over the final condition results in additional constraints
for the correlation and the response functions when either
t =t ort’ = tr. Appendix B also reports the complete list of
dynamical equations, together with the boundary conditions
that the order parameters must satisfy. The free case (8 = 0)
can be solved analytically (see Appendix B 4), thus validat-
ing these equations and offering insights into certain features
of the solution. For finite 8, however, specialized numerical
methods are needed.

B. Numerical solution of the dynamical equations

Numerically evaluating the dynamical equations for finite
B is no simple task. Some of the technicalities involved are
presented in this section.

1. Discretization and initialization

Defining the matrices

Cuty = C(t, 1)  Ry(t,t) (333)
Ok xa )
Cdt(l, t,) kdt(t, t/)
dt AN 2
cen= (ﬁ?(ﬂ,o xd‘(r,r/)>’ (330

gives a compact expression for the dynamical equations,
FC,C* pu, 1) =0, (34)

where F is an integrodifferential operator. Equation (34) can
then be evaluated by discretizing the time interval ¢ € [0, #]
in steps At = t;/N,. The discretization process results in each
of the eight unknown two-time-dependent functions being
represented by a matrix of size (2N; 4+ 1) x (2N, + 1). The
quantities C and C% then become matrices of size 2(2N; +
1) x 2(2N; + 1). The corresponding total number of variables
is therefore O(32N?). Because C and C% are symmetric, how-
ever, the total number of unknowns can be reduced by a factor
of 2, i.e., O(16N?).

In our implementation, the operator F is discretized by
approximating its integrals and derivatives. The integrals were
computed using the trapezoidal rule, corresponding to errors
of order Ar%, while the first- and second-order derivatives
were approximated using finite difference methods, yielding
discretization errors of the same order.

As a starting point for the correlation and response func-
tions with the equilibrium initialization, we conveniently use

C(t,t") = Ceq(Jt = 1)), (35a)
Ry, 1) ign(t t/)1 d C(t,t) (35b)
= s1gn({’/ — -
25 & 2dt 7
Rt = L C(t,t") (35¢)
X = 2tar =
CU(t,1') = Ceqt +1), (35d)
. 1d
Rdt , N — Qi Y __Cdt , ’ , 35
5 (t, 1) = sign(t t)2dt (t,t) (35¢)
1 d?
~dt / dt /
t,t')y=-—-C%,t), 35
R = 7 2=s 1) (35)
fu(t) =0, (35g)
2
W(t) = peg = 1+ Tf/(l)’ (35h)

with f(x) = x” and Cg(¢) the solution of the equilibrium
dynamical equation

2 t
Ceq(t) = —Ceq(t) — % /0 dsf'[Ceq(t — $)]Ceq(s).  (36)

2. Newton’s method with generalized minimal
residual Jacobian inversion

Equation (34) has been solved using Newton’s method with
a numerical scheme similar to that used in Ref. [36]. Denoting
X, the vector containing the current approximation to all the
unknown variables at iteration n, this corresponds to updating

X1 =X — T @) F (), (37

where Jr corresponds to the Jacobian of the operator F.

The primary difficulty of using Newton’s update (37)
here lies in evaluating the inverse of the Jacobian, which is
a matrix of size O(16N? x 16N?). Directly inverting such
a matrix is computationally prohibitive for practical values
of N;. To surmount this hurdle, we utilized the general-
ized minimal residual (GMRES) method, which provides an
efficient way of approximately solving systems of linear equa-
tions Jr(x,)Ax, = F(x,), where Ax, = x,+1 — Xx,, without
explicitly computing the inverse of 7.

GMRES works by constructing an approximate solution
within a sequence of Krylov subspaces of increasing dimen-
sion. Starting from an initial guess Ax'?, it iteratively refines
the solution by building a subspace spanned by vectors of
the form {ro, Jrro, J#ro. - ..}, where ro = F — JrAx(? is
the initial residual. Using an Arnoldi iteration for the Gram—
Schmidt orthogonalization provides an orthonormal basis for
this subspace. At each step, GMRES solves a least-squares re-
gression within the subspace, thus minimizing the norm of the
residual and iteratively improving the solution. This approach
avoids explicitly computing or storing the full Jacobian by
relying instead on computing the powers of the Jacobian on
the starting residual.

A couple of other optimizations have also been imple-
mented. First, to further refine the discretization, i.e., to
increase N;, we have adopted a matrix compression scheme.
Because C and C% are symmetric matrices, as in Ref. [36]
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FIG. 4. (a) Dynamical potential V (g¢) = V;;(¢) and (b) final energy E; = E(t;) at T = 1/1.695 for # = 10, 20, 40, and 60 (solid lines).
As a reference, the (shifted) static FP potential and the corresponding static energy (thick black lines) are included, along with the RS (thin
dash-dotted line) and one-step RSB (1RSB, thin dashed line) extensions, as well as the highest free-energy fibers (thick dash-dotted line).
Between this last line and the 1RSB line lies the fibered phase of the basin, in which an exponential number (in N) of fibers is expected (see
Appendix C). The equilibrium E.q and g.q (dotted blue lines), the threshold energy Ey, (dashed red line), as well as the transition from the
convex (RS) to the fibered (IRSB) regime at gy, (cross) and the irreversibility onset at g;, (dot) are also indicated. The second minimum of the
three replica potential (M,, star) [46], corresponds to the second replica being at ¢, thus defining the hub state. As expected, as #; increases
the dynamical potential converges to the FP potential in the convex (RS) regime. Already for #; = 60, an unphysical discrepancy is noted for
the energy in the fibered (IRSB) regime. (c) Static FP energy profile at T = 1/2.5 < Ty = 1/+/2e, within the clustered phase, for the p-spin
model in the limit p — oo (black line). Even in this case, which corresponds to the (spherical) REM, the 1RSB solution (dashed line) remains

below the threshold energy (dotted red line).

we have only retained the upper diagonal during the GM-
RES routine. Second, because correlations decay faster near
the diagonal, a decimation scheme for the Jacobian was also
implemented. Because large N; are particularly important at
large #, for s = 40 and 60 we have used all the points for
t — 1t < Teomp, but retained only half of them for r —¢' >
Teomps With Teomp = 4.5. Despite this approximation, the algo-
rithm converges to fixed points that solve the equations with
high accuracy in those particular cases as well.

IV. ANALYTICAL RESULTS

As previously mentioned in Sec. I B, analytical results for
the dynamical approach described in Sec. III were obtained
for the spherical p-spin glass with p =3 in the clustered
phase at 7 = 1/1.695. To obtain the profile of the correlation
and energy of rare trajectories described by the dynamical
potential in Eq. (26), the dynamical equations in Appendix B
were integrated for different final # and different g;. Figure 4
presents both the dynamical potential V, (gr) and the final
energy of the trajectories Ey = E(#;) against their final overlap
gr. Like for the ferromagnetic case, upon decreasing mag-
netization in Fig. 3, the dynamical potential monotonically
increases upon approaching gr = 0. As # increases, V. (q)
steadily converges to the static FP potential at high ¢, while
for g < gir the two potentials obviously diverge.

In the convex (RS) regime, g > gmg, We observe a clear
convergence of the dynamical results toward the static pre-
dictions for both the dynamical potential and the energy,
with excellent agreement already at #x = 60. By contrast, in
the fibered (RSB) regime, gir < gr < gmg, there is no such
convergence. Recall, however, that the integrated dynamical
equations have an RS structure. Therefore, only in the convex

regime are the results of these equations expected to converge
to the static FP potential in the limit #f — oo. For instance,
in the fibered regime, the energy artifactually curves toward
the static RS approximation. Because of the reversibility in
the dynamics in the fibered regime, we also know that a
correct dynamical evaluation of the energy of rare trajectories
accounting for RSB should instead lead to the result described

—0.8300

(a) .......................................................
—0.8325 A
.,———--\-—
-0.8350 R .
—0.8375 A
)
D 084001 ___ 0323
gr=0.35
-0.84251 __. o _o4
——- Gr=0.45
-0.84501 __. g,=05
——- qr=0.55
—0.8475 1 = static RS
== static 1RSB
—0.8500

030 035 040 045 050 055 060 0 200
Q(t) t

FIG. 5. (a) Time parametric plot of Eq(t) and Q(¢) with the refer-
ence equilibrium configuration 7, for initial configurations sampled
from the static FP potential (thick black line) [39] at different over-
laps with 7, g = qir, 0.35,0.4,0.45, 0.5, and 0.55 (dashed colored
lines). For all g; > g the trajectory remains within the basin of
attraction of 7, with g.q and Eq (dotted blue lines). (b) Dynamical
evolution of E (¢) under the same conditions. Note that the relaxation
time diverges as gr approaches g, and that the dynamics then
remains stuck in a metastable state (star) of energy Eq(o0) = Ehy >
E

eq-
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FIG. 6. Comparison between (bottom) the energy E(¢) and (top) the correlations for forward rare trajectories C(¢) (colored lines) and
backward relaxation trajectories Q(#; — t) (dashed black line) for three different overlaps: (a) gr = 0.55, (b) 0.45, and (c) 0.35. As a reference,
the equilibrium C(¢) (pale colored lines) as well as g.q, E¢q (solid black lines), gng, Emg (dashed black lines), gir, Ei (dotted black lines), and
the threshold energy Ey, (dotted red line) are provided. In panel (a), backward and forward dynamics nearly perfectly match for #; = 40 already.
In panel (b), a good agreement is observed for #; = 60, even though the forward solution uses an approximate (RS instead of 1RSB) dynamics.
In panel (c), because the relaxation time of the backward dynamics, #(gr) ~ 200 (see Fig. 5), is much larger than #; = 60, the matching regime

is not reached.

by the static FP potential in the limit #y — oco. Consequently,
we conclude that the dynamical equations derived within the
RS scheme in Sec. III A are insufficient to describe the whole
dynamics. Separately, we note that the energy of the dominant
fibers in the limit #f — oco—given by the static FP potential
with a one-step RSB (1RSB) ansatz—remains nearly constant
and well below the threshold energy. We therefore also con-
clude from a purely static calculation that the energy of escape
trajectories—since it should match the one dominant fibers—
is expected to remain well below the threshold energy in the
limit #; — oo. Interestingly, this result holds for any p > 3,
including in the limit p — oo [see Fig. 4(c)]. Even for the
minimal (spherical) REM state, escape is expected to follow a
nontrivial pathway that does not involve the threshold states.

In the rest of this section, we first discuss the behavior of
the correlation and of the energy of rare trajectories when
the overlap is in the range gf > gy, distinguishing the con-
VeX, g > (mg, from the fibered, gir < ¢r < Gmg, regimes. The
instantonic regime with gf < gjr, in which dynamics is irre-
versible, is then considered. As described in Sec. I B, both g,e
and g;,, are obtained by static calculations; they correspond to
the rupture of replica symmetry from RS to 1RSB [14] and
to the appearance of the second minimum in the three replica
potential [46], respectively.

A. Reversible regime

For g¢ > gix the dynamics is confined to the basin of
the reference configuration t. Therefore, in this regime, the
dynamical potential, Eq. (26), is dominated by a single tra-
jectory in the limit #; — oo, as in the ferromagnetic case.
Two important remarks follow from this identification: (i)
the trajectory is self-averaging (in the thermodynamic limit),
and (ii) the most probable trajectory reaching gy (forward

trajectory) is time reversed relative to the relaxational tra-
jectory starting from gy sampled with the static FP measure
(backward trajectory). This backward trajectory for g > gixr
can be independently constructed using the approach of Barrat
and Franz [39].

Figure 5 presents a parametric plot of the energy and over-
lap for the time-reversed trajectories sampled following the
Barrat—Franz approach at different g;. Each one equilibrates
within the state defined by the reference configuration t. As
a result, the overlap Q(t) with t evolves from Q(0) = ¢
to Q(00) = geq, and so does the energy, with Eq(0) = E;
and Eqg(o0) = Eeq. The relaxation time #g(gr) diverges as
gr approaches gi,. Interestingly, a system initialized at g,
becomes asymptotically trapped in a metastable state at an
energy higher than the equilibrium one. Somewhat counterin-
tuitively, this metastable hub state lies closer to the reference
configuration 7, with gnw > gir. For more details, see
Appendix C.

For the dynamical potential, we expect that at large #; the
correlation C(¢) with the initial condition first decays to geq
and then goes from ¢, to the target value g¢ through a process
time-reversed relative to the backward relaxation, as discussed
in Sec. IB. As a check, Fig. 6 compares forward (colored
lines) and backward (dashed black lines) profiles at different
gr. As expected, a near-perfect agreement between C(t) —
Q(t; —t) is observed for gy = 0.55, in the convex regime.
As gf — gir, however, agreement worsens for two reasons.
First, for the forward and backward trajectories to converge,
one would need at least # > 1q(qgr) + fq, the last being the
equilibrium relaxation time, which lies beyond computational
reach as fq(gr) increases. Second, for ¢ < g, the backward
relaxation is computed using 1RSB dynamics, while the for-
ward one uses RS dynamics, and hence do not match even
asymptotically.
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FIG. 7. (a) Time evolution of (top) the correlation with the ini-
tial configuration C(¢) and (bottom) the energy E(t) for g =0
and #; = 20, 40, and 60. Equilibrium C(¢) results (dotted colored
lines) are provided as reference. (b) Same results as in panel (a) but
rescaled as t/t;. This time rescaling appears to collapse results as #
grows. Extrapolations to the limit # — oo using linear (dotted black
lines) and quadratic (dash-dotted lines) forms are also attempted. In
both cases, the energy rises from equilibrium (solid black line) well
above the threshold energy Ey, (dotted red line), and hence of Ej,
(dashed lines), thus further validating their nonphysical nature, as in
Ref. [36].

B. Instantonic irreversible regime

Although the above analysis reveals the quantitative in-
adequacy of V,(g)—as computed here—for g < gpg, we
nevertheless expect its predictions to be qualitatively close to
the true physical behavior for ¢ > gi, as can be validated by
comparing with the FP potential. However, for ¢ < gj,—as
for the Ising case for m < mm,—V;, then markedly differs
from the FP potential. Analyzing the dynamical results is then
somewhat trickier.

We nevertheless note a key qualitative difference from
what happens for ¢ > gj,. It seems that the correlation C(t)
and energy E(¢) then evolve on a scale that grows with #.
The difference in scaling is particularly clear for ¢ = 0, as
can be seen in Fig. 7. The results seemingly follow a scaling
of the form E(¢) = E,(t/t¢) at large #;, as was also observed
in Ref. [36].

In principle, this scaling could be explained by a quasi-
equilibrium dynamics in which the system is in equilibrium
on finite timescales inside states that are slowly evolving
on large O(;) timescales. (Note that this is precisely what
happens in the aging dynamics [55] of this model.) However,
quasi-equilibrium dynamics would require both the presence
of states at the given energy and that these states be marginal.
This last condition is at odds with the fact that, much as in
Ref. [36], extrapolations of E; for tf — oo tend to energies
much higher than the threshold, where states are typically
marginal. The extrapolated energy is, in fact, so high that we
do not expect to find states at all at that point.

The above discussion nevertheless offers a possible res-
olution to this conundrum. In the instantonic regime, RSB
dynamics is required; RS energies lead to inconsistent re-
sults. The same likely happens in Ref. [36]. Unfortunately,
extending the dynamical computation to RSB would be quite
involved, and it is therefore left for future work.

V. SIMULATIONS RESULTS

Given the inherent limitation of RS dynamics for ¢ < g,
identified in Sec. IV, numerical simulations offer an impor-
tant validation and complement. The equilibrium dynamics of
the spherical 3-spin-glass model is therefore also simulated
for equilibrated systems of size N = 200, 400, 600, and 800
at Ty < T =0.5900 ~ 1/1.695 < Ty, starting from configu-
rations obtained by quiet planting® as in Ref. [56]. As N
increases, we reduce the number of planted configurations
to 8000, 4000, 2000, and 1000. Because planted systems are
subject to N~!/2 sample-to-sample fluctuations, initial states
are preselected to speed convergence to the thermodynamic
limit, N — oo. For each planted configuration, we evaluate
the distribution of overlap g and energy E at long times, ~tfq,
over 100 trajectories (see Ref. [57]), and only configurations
with ¢ and E within one standard deviation of geq and Eq
(for N — o0) are kept. For each of these, 100 trajectories
are evolved up to 7. = 100. The resulting dataset is used for
sampling conditional averages at different final times # and
overlaps gs.

Figure 8(a) shows the resulting E(#) for #y = 60. As ex-
pected, curves converge to the thermodynamic result as N
increases.* However, the range of accessible ¢ then also
markedly shrinks, thus limiting the extent of the validation.
Figure 8(b) more convincingly shows the agreement between
simulation and analytical results of the dynamical potential for
different #;. From this comparison, we also see that systems
with N = 200 and 400 are sufficiently large to limit finite-N
corrections yet present a sufficiently broad range of g so as to
attain the fibered and instantonic regimes. We get back to this
issue below.

Figures 9(a)-9(c) show the average shape of E(r) and
C(t) for t; = 60 and different N in the convex, fibered, and
instantonic regimes, respectively. Note that these regimes are
defined (are only meaningful) in the ordered limit ¢y — oo
before N — oo. The dynamical potential, by contrast, is valid
for any # in the N — oo limit. Note also that the correlation
of rare trajectories is not self-averaging. In the N — oo limit,
sample-to-sample fluctuations remain relevant, especially in
the 1RSB regime.

In the convex regime, the dynamics is expected to be re-
versible and self-averaging. The average correlation indeed
rapidly relaxes to the equilibrium overlap g.q and jumps to
gr only near #;. Then, for ¢t > #, the system relaxes back
to the initial state (mirroring trajectory), as does the en-
ergy. In the fibered regime, the dynamics is also expected to
be reversible, but sample-to-sample fluctuations can produce
non-self-averaging trajectories. While the average correlation
steadily relaxes back to the initial state, its fluctuations do not
appear to scale as 1/+/N, as a self-averaging quantity would.

3Quiet planting consists of first choosing a reference configuration
uniformly at random and then sampling the quenched disorder so
that the chosen configuration is sampled with its proper equilibrium
weight for the system.

4Such convergence is thanks to preselection; without preselection,
numerical results are more steeply inclined than the equilibrium
curve.
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FIG. 8. (a) Parametric plot of the energy E(f) and over-
lap C(t;) for trajectories with # = 60. Simulation results for
N =200, 400, 600, and 800 at 7T = 0.5900 (full colored lines) are
compared with the theory results for dynamics (purple) and statics
(full black line for RS solution; dashed line for the 1RSB solution)
atT = 1/1.695 ~ 0.5900. As a reference, the marginal (cross), irre-
versibility (filled circle), and equilibrium (dotted blue lines) points,
as well as the threshold energy Ey, (dotted red line), are provided.
The range of equilibrium values preselected (one standard deviation
around g.q and Eq) for initial configurations (colored rectangles) is
also given. As N increases, the simulation results cleanly converge
to the theoretical predictions. (b) Dynamical potential V (g) for
tr = 10, 20, 40, and 60 from theory (purple line) and simulations
with different N (colored lines). As a reference, the static FP potential
(solid and dashed black line) up to g, is provided. Up to #; = 40, the
simulation results for the largest system are essentially indistinguish-
able from the theoretical results.

In the instantonic regime, by contrast, trajectories instead of
relaxing back to the reference state with geq or to a distinct
equilibrium state with ¢ = 0 remain stuck in new states with
an overlap near g¢ and an energy near Ey.

To better understand the fate of trajectories and the role
of reversibility, Fig. 10(a)—for the same trajectories as in
Fig. 9—presents the distribution of the ending overlap g.
at time #. = 100 for trajectories with different g at # = 60.
For g > gy the distribution is peaked around the equilibrium
overlap, while for ¢ < g it is peaked at ¢ < gr. As expected,
for N = 400 compared with N = 200, the distribution con-
centrates and the irreversibility is more pronounced. Insets
show the scatter plot of the end energies E. and overlaps g.
for different g¢. For ¢ < g, not only does ¢g. peak around
gs, but E. also remains higher in the landscape. In other
words, the system seemingly gets temporarily trapped in some
high-energy states before relaxing again to other equilibrium
states. We interpret these states as hubs of the equilibrium

relaxations. However, it remains unclear which of these hubs
is most relevant in the limit N — oo, # — oo. Interestingly,
for the lowest g; considered, systems relax, which could be
understood as the hub having been then exited. This interpre-
tation, however, remains fairly tentative.

VI. DISCUSSION AND SPECULATIONS

In this work, we have analyzed the rare trajectories that
enable a system to escape equilibrium states for a p-spin
spherical glass, a prototypical model for the RFOT univer-
sality class. We validated in a fully dynamical setting the
existence of two key transitions that define the basin of at-
traction of an equilibrium state, previously suggested via a
static analysis. The basin is convex for overlaps g > gng and
then fibered as the overlap decreases until gj,, at which point
the system exits the basins of attraction, and the dynamics
becomes irreversible. Within basins, the static and dynam-
ical descriptions are perfectly consistent, and the backward
relaxation dynamics accurately describes the behavior of rare
trajectories in the limit #x — oo. However, beyond g, the
fate of the dynamics remains unclear. Tackling this question
directly would require a 1RSB (or fullRSB) dynamical cal-
culation over much longer timescales than is computationally
feasible at this time.’

Our analysis nevertheless highlights the fundamental role
played by the irreversible overlap ¢, in the relaxation
dynamics. At this distance from a reference equilibrium con-
figuration 7, we identify the nearest fiber saddle that lies
below threshold and thus facilitates escape from the basin.
We observed that this is valid for general p, even in the
limit p — oo which corresponds to the (spherical) REM. As
schematized in Fig. 11, this saddle appears to connect to a
high-energy metastable hub state, which corresponds to the
second minimum of the three-replica potential M.

At T — 0, escape rates can be determined by analyz-
ing saddles of the energy landscape [58]. At finite T,
the Thouless—Anderson—Palmer (TAP) free-energy landscape
plays a comparable role, as all stationary points, not just
minima, define the long-time dynamics (see, e.g., Ref. [[59],
Eq. (57)]). The analysis of saddles in the TAP free-energy
landscape would therefore allow a Kramers-like calculation
of escape probabilities.

The metastable state reached during relaxation from g,
corresponds to a local minimum of the TAP free-energy
landscape, which is connected via an index-1 saddle to an-
other TAP state representing the initial equilibrium. This
identification motivates a direct investigation of the TAP land-
scape through Kac—Rice constrained complexity calculations,
thus revisiting the energy landscape analyses presented in
Refs. [40,60,61]. The objective of this effort would be to deter-
mine whether these metastable states indeed act as dominant
hubs in the relaxation process by linking exponentially many

SEven the current numerical integrations required substantial re-
sources, using up to 516 GB of virtual memory.
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FIG. 9. (top) Correlation with the reference configuration C(¢) and (bottom) energy E(¢) of finite N simulations (colored lines) and
analytical dynamics (thick black lines) with # = 60 for overlaps (a) g = 0.55, (b) ¢ = 0.4, and (c) g = 0.25, which fall in the convex,
fibered, and instantonic regimes, respectively. These conditional averages are computed through direct sampling of trajectories. For each N,
the colored bars denote the standard deviation over trajectories. (The fractions at the bottom of each panel give the ratio of the number of
trajectories to the number of preselected ones.) (a) In the convex (RS) regime, the free-energy landscape is indistinguishable from that of
a ferromagnetic model, and so is its dynamics. The correlation quickly relaxes to g4, and only upon approaching # does it jump to g;. It
subsequently relaxes back to its equilibrium value. (b) In the fibered (IRSB) regime, replica symmetry breaking implies that only a few fibers
dominate the probability measure, and that, as a result, fluctuations are markedly increased. Results for C(¢) are particularly illustrative in
this respect. Because the dynamics remains reversible, however, after reaching ¢r (and E;) the system relaxes back to equilibrium. (c) In the
instantonic regime, the system does not relax back to an equilibrium state and remains at a larger finite distance from the reference equilibrium

configurations, with a markedly higher energy.

equilibrium states (see Fig. 11).° While these saddles are
expected to be index-1, with a single unstable direction corre-
lated with the reference equilibrium state (as seen in previous
energy landscape studies), the hub states—although closer
to the equilibrium states (gnuw > girr)—are expected to be
directionally uncorrelated with them. This lack of alignment
further supports a curved fiber geometry. Hubs are expected to
mainly facilitate connections between numerous equilibrium
states. If this hypothesis is correct, then the long-time dynam-
ics is expected to resemble a jump process between random
pairs of equilibrium states mediated by these hubs, resulting
in a trap model-like dynamics [65], in which the traps exhibit
nontrivial sample-to-sample fluctuations [66].

This picture is further complicated by the fact that, based
on the backward dynamics results, hub states are reached
on a diverging timescale, i.e., #q(gir) = 00. In practice, this
divergence arises due to the thermodynamic limit N — oo,

A detailed analysis of the landscape geometry around (zero-
temperature) ground states in related models of jamming and
constrained optimization, such as the negative perceptron [62] and
the one-hidden-layer neural networks [63,64], finds a star-shaped
structure strikingly similar to that conjectured in Fig. 11 for the
finite-T states of pure p-spin models. To what extent this structure is
universal in different optimization problems remains an open ques-
tion.

whereas for finite N, there is a N-dependent cutoff to this
timescale: tév (qirr) = O(N®). This divergence is probably re-
lated to the near-perfect flatness of the index-1 TAP saddles
that allow escape, which introduces a N¢-dependent prefac-
tor into the Kramers escape rate with a power law a = 1/4
[67]. From this analysis, we expect the typical instantons in
RFOT models to be anomalous in that their inherent timescale
diverges with N. Their behavior would then be strongly de-
pendent on system size, thus necessitating a thorough scaling
analysis. In other words, the optimal relaxation trajectory
of an RFOT system involves exponentially rare system-wide
rearrangements, which require a time of O(N“) to occur. How-
ever, we cannot rule out the possibility that nonanomalous
instantons might exist in other RFOT models. This could be
the case, for instance, if gir > gmg. In such a scenario, the
basin might still be fibered, but the dominant fibers would no
longer correspond to the lowest energy ones (which are also
the flattest ones).

What happens below the static temperature, 7T < T, re-
mains open. We venture to speculate that because the TAP
free-energy landscape is then tilted toward the dominant
state, even if there are fibers that allow that state to reach a
metastable minimum—a proto-hub—no forward lower-free-
energy states could then be found. The system would then
relax back to the dominant state. This repeated back-and-forth
motion across multiple fibers may bear some connection to the
two-level systems observed in low-energy glasses [68].
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FIG. 10. Dynamical (ir)reversibility analysis of the simulation
trajectories in Fig. 9 for #; = 60, considering their end values (at 7. =
100), g and E.. (a) Distributions of ¢, for trajectories with different
gr for N = 200 (full lines) and N = 400 (dashed lines). For g; > gy,
the dynamics is typically reversible and relaxes back to equilibrium
(right-hand peak); for gr < g, the dynamics remains stuck away
from the reference equilibrium configuration. For gy = 0.35, which
is nearest to g, the distinction is most ambiguous. Given the slow
equilibrium relaxation time in the intermediate regime, a significant
fraction of the trajectories persist in that vicinity. Note that for
qr = 0.25 the peak is also near g, but for g = 0.15 the peak shifts to
smaller overlap. (b)—(e) scatter plot of E. and g, for the trajectories
with N =200 in panel (a) with (b) ¢ = 0.15, (c) 0.25, (d) 0.35,
and (e) 0.45. As a reference, the preselection range (square blue
box), the g; selection range #; = 60 (dashed vertical lines), as well
as the average E; (cross) are provided. The color of each point (scale
reported in colored bar) indicates the jump in energy E. — E;, dark
blue means relaxing to a lower energy. In panels (d) and (e), the
clouds concentrate around the equilibrium preselection box, while
in panels (c) and (b), the cloud lies around (gs, Ef), which implies
the presence of hub states at that overlap and energy.
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FIG. 11. Schematic connection between equilibrium states to a
central hub state through flat index-1 saddles in the TAP free-energy
landscape. This proposal naturally follows from the observations in
this work but remains to be fully validated. Note that this sketch
should be drawn on a curved surface in order to respect the condition

Ghub > Girr-

This work opens a path toward a first-principles under-
standing of the relaxation dynamics of structural glasses.
The mean-field RFOT physics can be interpreted in terms of
either particle number or spatial dimension. In the former,
exemplified by the p-spin model, the finite-range analog leads
to nucleation, which in disordered systems corresponds to
the mosaic picture [69]. Our hub-fiber framework provides a
first mathematical basis for this phenomenology. In the latter,
exemplified by the random Lorentz gas (RLG), relaxation
appears as the escape of a particle from its cage of neighbors
[24], which in multiparticle systems can lead to dynamical
facilitation [23]. (This effect displays the same mean-field
mode-coupling transition as RFOT systems [70].) Extending
our first-principles analysis to the RLG should therefore sup-
ply a dynamical structure based on the hub-fiber organization
of single-particle escapes, which play a determining role in
glass relaxation [25,71]. In addition, our work introduces the
dynamical potential as an observable for simulations of struc-
tural glass formers. Just as the static Franz—Parisi potential
has been adapted to understand static correlations [72], the
dynamical potential could be used to identify how dynamical
heterogeneity affects structural relaxation.

Our analysis not only unifies and clarifies various ear-
lier works on activated processed in RFOT model but also
opens a window—fully based on dynamics—on the funda-
mental mechanisms of relaxation in structural glasses. Several
promising future directions then emerge. These include a
detailed investigation of the TAP landscape constrained by
equilibrium and hub states, as well as an exploration of vari-
ous mixed p-spin models to determine whether different types
of instantons, both anomalous and nonanomalous, could be
identified. The implementation of these findings to structural
glass models would bring about the most challenging part of
the glass problem within a first-principles grasp.
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APPENDIX A: ANALYTICAL CALCULATIONS

As shown in the main text, the dynamical potential can be
written as

Vi(gr) = ) Peg(r)In YT (o|0)8(Ngr — o - T)

oo d
= lim 111% %quf(m, n), (A1)

m—0n—
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where
Z pmn)= Y exp[ ZH,(ta)— (1 — —)Hj(rl)
01...0p

— g ZHJ(Ub):| l_[ quff(o'b’ )
b=1 b=1

x 8(Ngt — 71 - 0p). (A2)

For T > T, annealed averages coincide with the equilibrium
averages, and we can consider the case with only one replica,
m=1,

d_——_ 1 d ——
r}lino}llr% d_Z p(m, n) ~ z hrr(l) d_Z #(1, n). (A3)
1. Path integral expression of TJ,,f

As shown in Ref. [[36], Appendix], the symmetric
1;+ (o, T) can be written as a standard path integral

s(ty)=0 A
Tyu(0, 7)) = / DsPs e 4D, (A4)
s(0)=t
where
1 /ds;\* dH,
ZL(s,8) = dr| = =) =@ §;(1)—=
(s, %) Z/ [4<df> S0 + B8
B d’*H;
- = ) A5
2 21: dsi2 (AS)

The spherical constraint over the dynamical configuration s(z)
can be imposed by adding a quadratic term to the Hamiltonian

2
HJ—>HJ+—(ZS(t)— ) (A6)

and taking the limit € — 0. As shown in Ref. [36], this
construction is equivalent to having two additional Lagrange
multiplier, i« and . For a multilinear interaction model, we
then have

s(ty)=0
Ty (o, 7) = / DsDIDuD e % 5w,
s(0)=t

1(ds;i\? dH
Ls,8, 0, 0) =Y /dt[1<d_s;> —Af(t)+ﬂ§i(t)d—;:|
1 A
+§/dtu(t)<§i s?(t)—N)

—i—/dt,u(t)(Zs,-(t)ﬁi(t)— g) (A7b)

J

(A7a)

sp(tr)=0p

Z, #+(1,n) = Z f

5o b=l »(0)="

D5y D3y Dy D fuy e L A2 OMADSQ)~ [ dVH O+ Ty [ d1 mp()

2. Introducing replicas and superfields

The previous expression can be written in considerably
more compact form by writing it in terms of an additional
bosonic variable 7, that behaves as the product of two Grass-
mann variables [36], i.e., n* =0, [‘ndn =1, [ dn = 0. This
formulation is convenient because it simplifies the average
over disorder. Next, we define a new coordinate 1 = (¢, ) and
the two fields

si(1) = s5;(t) + 8:(0)n,
w(l) = p@) + p)n.
With those definitions, we can write Eq. (A7b) as

(A8a)
(A8b)

.i”=%Zi:/dleSi(l)M(l,Z)si(Z)—{—ﬂ/leJ(s(l))

N
- 3/d1(1+n>u<1>, (A9)

where we have introduced the notation [d1 = [ dtdn, and
where we have defined the operator

M(1,2) = Myin(1, 2) + Mg (1, 2), (A102)
1 d?

Miin(1,2) = —5771772501 —h)—= —28(ti —1r), (AlOb)
dt;

Mpn(1,2) = p(@t)8(t) — t2)nimz + w(@t)8(t — t2)(n1 + n2).

(A10c)

We then proceed by replicating n times the path integral
expression in Eq. (A7a). The delta function over the overlap
between the initial and final configuration is treated separately
later on, as it requires a precise characterization of how the
kinetic operator acts.

We now introduce the vectorized variable s(1)=
(11,015 .., 04, 51(1), ..., 5,(1)), which fuses the static part
(corresponding to the initial and final conditions of the dy-
namics) with the (n-dimensional) dynamical variables. Before
averaging over disorder, we have one such variable for each
site i, which we denote s;(1). We also define the corresponding
integration rule as

1 n
/ d1A(s(1) = (1 - g)Am) +3 Y A
b=1
+ 3 [ duac.
b=1

The replicated partition function Z; 7(1, n) can therefore be
written as

(A11)

(A12)

where we have defined M (1, 2) to be nonzero only in the dynamical block; it is then equal to M(1, 2).
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3. Averaging over disorder

The average over disorder can now be done by using the
relation

e N/S2
e—B[AH () — fd1d2f[Q(1,2)], (A13)
where in the pure p-spin model that we analyze in this paper
f(Q) = QF. We have further defined the overlap in the super-
field space

1
01,2) =+ > si(Lsi2). (Al4)

We can impose this overlap with a delta function. We then get
Zp(n) = / [1212i / PQINeS,  (Al5)
a=1

where the action is

2
S = / d1d20(1,2)A(1,2) + % / d1d2£10(, 2)]
— Indet [M(1,2) + A(1, 2)]

+ Z/dl(l + mup(1). (A16)
b=1

4. Final condition

We deal now with the final condition constraint in the start-
ing expression of the dynamical potential, Eq. (A2). The delta
function over the overlap between the initial and final config-
uration can be written using an integral representation over a
variable €, thus leading to a term of the form € ), 5;(0)s;(z¢)
in the action. As usual, this term can be interpreted as favoring
dynamical trajectories in which the final configuration is less
correlated with the initial configuration. This term can further
be written in terms of superfields with a quadratic form

. 1
XY mon=-33 [z s,
(Al7a)

M (1,2) = —2€(81082, + 814,620). (A17b)

having used the integration rule in Eq. (A11). [Note that every
time the final condition is involved, the differential leads to
an additional factor of 1/2, as written in Eq. (A11).] We have
here denoted by §;9 and 6y, the Kronecker delta functions that
select the initial and the final conditions, respectively, on the
supervariable 1, i.e.,

/dls(l)(Slo = (1 — g)fl’

1 1
/dls(l)(Sm =3 > st = 5 > ob. (Al8D)
b=1 b=1

Moving forward, it is also important to specify how the
kinetic operator acts if one of the two variables is con-
strained to the final condition. The operator then involves
first-order instead of second-order derivatives. The reason

(A18a)

can be intuitively understood from the underlying integration
by parts:
silt) =

tr d . 2 d .
/ <_S> dr =) %%
o \dt dt|,_,

Iy dzsi
— (t)—dt.
/0 S()dﬂ

As a result, we have to account for a new term in the kinetic
operator when considering the initial or the final condition.
Because the initial condition is totally independent of the
dynamics, we will not focus on the expression for this operator
when either of the two supervariables is set to the initial
time. However, at variance with Ref. [36], the final condition
actually impacts the dynamics, since it is not extracted from
equilibrium, but induced by the overlap constraint. The first
term on the right-hand side of the previous equation, when
replicated, can then be written as

1 ds; 1
X Yam G| =-3 Y [tz
i b T = 2 i

x M (1,2)5i(2), (A20a)

dSl'

t=0

(A19)

; d
M (1,2) = b1 8(02 = 1)1~ (A20b)
2

Because both terms we have analyzed are quadratic in the su-
perfields, we can absorb them into the definition of M(1, 2),
which then reads

M1, 2) = Myin(1,2) + M (1,2) + Mi(1,2)

+ M1,2), (A21)
€(t;c)Q(cb) = —2€Q(0D). (A22)
5. Saddle-point equations
The saddle point for Q and A reads
2
a2 = -2 riea 2, (A230)
0(1,2) = [M+A]7'(1,2), (A23b)
or
2
A1, 2) = —jf'[Q(l, 2)], (A24a)

/dS[M(l, 3)+A1,3)]0@3,2) =46(1,2). (A24b)

The dynamical potential can then be obtained from the func-
tion €(g) by integrating
avi(q)

= , A25
€ dq (A25)

APPENDIX B: RS ANSATZ AND THE
DYNAMICAL EQUATIONS

We now impose an RS ansatz on the n dynamical replicas

0(1,2) = 8,50(1,2) + [1 — 8(ab)]Q"(1,2), (BI)
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and over the spherical constraints variables

na() =), a=1,...,n (B2)

When we select the dynamical block in the indices 1 and 2
of the saddle point given by Eq. (A24), we can repeat the
same steps as in [[36], Appendix B], starting by expressing the
dynamical overlaps Q(1, 2) and Q% (1, 2) in terms of two-time
order parameters

0(1,2) = Ct,t') + mRa(t, 1) + mRi(t, 1)

+mmR (. 1), (B3a)
0%(1,2) = CU(t, ') + mRS(t, ') + mR{ (1, 1)
+mmg @, ). (B3b)

We denote the corresponding quantities related to A(1, 2) and
AY(1,2) as

A(1,2) = Calt, ')+ mRoa(t, 1))+ mBRy a(t, 1)

+mmAA, 1), (B4a)

AN(1,2) = Cpu(t, 1) + RS a0, 1) + MR s (2, 17)
+mmRaa (). (B4b)
|

+T

0= —2R(t,t") + u@®)C(t,t") +/

Note that the order-parameter functions (B3) can be written in
terms of the variable s and § as

Ct,t") = [si(O)s; @], (B5a)
.1y = [siO) (s:t)], (B5b)
Ri(t,1) = Ry(1', 1), (B5c)
R (t,1") = RS'(¢', 1), (B5d)
Ro(t, 1) = [(s:()% ()], (B5e)
RS (t,1') = si®)) G @)1, (B51)

2. 1) = [E@O8)], (B5g)
2% 1) = TE®) G, (B5h)

where we remind that the square brackets [...] denote aver-
aging over the initial condition 7, and the angular brackets
(...) denote averaging over the Langevin dynamics starting
from 7 and constrained to evolving, within a time window f#,
to a configuration with overlap g¢ from 7. It is easy to show
that those relations are related to derivatives of the constrained
partition function Z;, in terms of magnetic fields, as shown
in (32).

The order parameters in (B3) satisfy the same equations as
in Ref. [36], with the difference that we have to use Eq. (A11)
instead of [[36], Eq. (A8)]. To be as close as possible to
Ref. [36], we choose the final time at time 7 = #;/2 and the
initial time at time —7 . We then obtain

(Cat, tRI(t", 1))+ Roa(t, t)C(", t))dt"
.

+T
+(n—1) / i (Caat R ') + Ry pa(t,t)CH (2", 1)) dt"

+ (1 - g)CA(t, —T)C(=T, 1)+ 3Ca(, TIC(T, 1) +

2

n—1

Cra(t, T)CUNT, 1), (B6)

Y __1d 4 ) ’ A~ 4 T ) "\D 1/ & " [/ "
81t —1) = —5—=C@. r)+ u@R @, 1') + a@®)CE. 1) + RiAE DR, 1)+ Za @, 17)CE", 17))dt
-7

2 dt?

+T
+(n—1) / (Ry aa(t, R (" ) + Rpa(t, tHCN(", 1)) dt" + (1 - g)ma, ~TC(=T,1t)
-T

1. 1.
+ S RuAG O 1) + ”TRW t, TYC(T, 1), (B7)

A +T
St —t')y = =28, t)+ u@®Ry(t,t") + /

(Roa(t, R, 1))+ Cat, )R (", '))dt”
.

+T
+m—1) / (Ryaa(t, RSt 1) + Caa(t, )", 1)) dt" + (1 - g)cA(t, ~THRy (=T, 1)
-T

n—1

1 N
+ ECA(I, T)RQ(T, l/) +

2

1d° . A
0= 2L Rttty 4 wOF 0.1 + ROR ) + /

" 2dr?

Cralt, T)RI(T, 1), (B8)

+T

RiAEIDZA" )+ Rat, t )R 1))dt”
-T

+T
+(n— 1)/ (Ry aa(t, tNRYA" ) + Rpalt, RS, 1))dt"
-T

« N 14 « —14 o«
+ (1 - g)Rl,A(I, =R, (—T, 1)+ ERLA(I, TOR(T, 1) + nTR,,Am(t, T)Rgt(T, '), (B9)
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+T
0= —2R(t, 1) 4+ w(e)Ct, 1) + / (Cpa(t, R (t", 1) + Ry pac(t, t")C(t", t'))dt"
-T

+T +T
+ / (Calt R (1" 1)) + Ro a2, t")C (", 1)) dt" + (n — 2) / (Caa(t R (", 1) + Ry pa(t,8")CH (", 1)) dt"
-7 -T

n—

5 2cAd[(t, TCUT, 1), (B10)

1 1
+ (1 — g)C,\(I, —T)C(=T,t")+ ECAdt(t, TYC(T, )+ ECA(t, THCNT, 1) +

1 d? . +T .
0= —2—5CUE 1) + pORY ¢, 1) + 2(OCH @, 1) + / Ry aat, 1R 1) + Raale, 1")CE" 1))d1”
-T

+T +T
+ / (Rialt, 1R 1) + galt, t)CH @, 1))dt" + (n — 2) f (Ry aa(t, R (" 1) + Fpa(t,tHCU (", 1))dt"
-T -T

« 14 1 -2
+ <1 — g)RLA(t, —T)C(—T,t")+ legAdl(t, TC(T, 1)+ ERLA(I, THCNT, ') + nTR],Am(t, THCT, ), (B11)

+T +T
0= 23", 1)+ n@R' @, 1) + / Ry pa(t, Rt 1) + Cpat, )R (", 1))dl" + / (Roat, )RS, 1)
-T

+T
+Cat, R ))dt" + (n—2) / (Ro pur(t, 1RS (" 1) + Cpu(t, )3 (" 1)) dt"
-T

n—

2 .
5 Cpa(t, T)R(T, 1), (B12)

A 1 A 1 A
+ <1 — g)CA(t, —T)Rz(—T, l‘/) + ECAdl(t, T)RQ(T, t/) + ECA(t’ T)Rgt(T, t/) +

1 d?

+T
0= —Eﬁkg“(n )+ n®F ) + pOR 1) + / Ry pat, XA 1) + Raalt, R, 1))dt”
-7

+T +T
+ / (Riat, RN 1)+ ga e HRIE 1))dE + (n — 2) / (Ry aa(t, RN 1) + Rpat, tHRS @, 1)) dt"
-T -T

R R 1. R 1. N —2 4 R
+ (1 — E>R1,A(t, —TR (=T, 1)+ ERI_Ad‘(t, TOR(T, )+ ERLA(Z‘,T)RS[(TJ/)-F nTRl,Am(t, T)R?(T,t’). (B13)

[\

1. The dynamical equations involving the final condition

The equations obtained in the previous section, at variance with those in Ref. [36], are insufficient to determine the solutions.
The coupling € with the final condition, in particular, does not then appear. We then also need equations obtained from the saddle
point [Eq. (A24)] by imposing that the supervariable 1 is in the static block corresponding to the final condition t = 7. As a
result, because of the kinetic term derived in Sec. A 4, these equations involve first-order instead of second-order derivatives.

In particular, we obtain the following equation valid fort’ <t = +7:

0= dC(t th
Codr

+T
+ w(TC(T, ') + f (CA(T, R (t", 1) + Ro A (T, t)C(", ¢'))dt"
=T -T

+T
+@m—1) / (Caa (T ORI, ') 4 Ry pa (T, £)CM (", 1'))dt” + <1 - g)CA(T, —~THC(~T,t)
-T

n—

5 chd[ (T, T)CNT, 1) — 2¢C(—T, t). (B14)

+ %CA(T, TYCT. 1) +

Subtracting from Eq. (B6) evaluated at ¢+ = 7 from this result, we obtain

d R
0= cCa. N 2R (T, t)+ AuC(T, 1) — 2¢C(=T, 1), (BL5)
=T
where we have accounted for the parameter 1(¢) being possibly discontinuous at # = 7 by the definition
Ap = w(T) = u(T). (B16)

Similarly, we obtain an equation from which, subtracting Eq. (B8) evaluated at r = T, we obtain

d 4 /
0= —Ry(t,1)

o +2R(T 1) 4+ AuR (T, t') — 2eRy (=T, 1). (B17)

=T
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The above equations are valid for ¢’ < 7. The expression for
t' =T can be obtained by noting that Eqs. (B7)—~(B9) imply
that the discontinuities of %C (t,t") for t =1t is equal to —2

while the discontinuity of LR, (t', 1) is

d 5 /
— Ry (1, 1)

d .
—Ry(t',t
21, 1) p

B18
a7 (B18)

= —u(1).

t'=t—

t'=tt

For the different trajectory functions, we obtain

d N
0=—C%., 1) +2RNT.1")+ AuC™(T, 1)
dt t=T

—2eCY (=T, 1),

(B19a)

d . .
0= ERS‘(I, O 28T, )+ ApRS (T, 1)
t=T

—2eR$(—T, ).

(B19b)

2. The dynamical equations on the corners

A number of symmetries that we are going to discuss in the
following imply that the above equations are only needed on
the corners of the integration domain. We start observing that
Eq. (B8) implies

R 1) = =284 —1)+ 83, 1), (B20)

where §% (¢, t') is a regular function. Because all replicas have
the same initial condition, we must also have
C(—=T.t)=C"(~T.1), (B21a)
Ri(t,=T)=R{'(t,—T) = Ro(=T.,1) = RS'(~T., ).
(B21b)

The difference between Eqgs. (B6) and (B10) evaluated for
t = =771 and the difference between Egs. (B9) and (B13)

evaluated for r = —7 T additionally lead to
Ri(=T*.0)=RI'-T".0), (B22a)
Ro(t, =T = R't, —T™). (B22b)

Note also that Egs. (B7) and (B11) reduce to the same equa-
tion for r = —7*, and the same applies for Egs. (B9) and
(B13).

The difference between Eqs. (B8) and (B12) evaluated at
t = =T yields

SR(=TT,t)=3"-T",1),
in turn leading to
SR(=T, =TT =34-T%-TY

_ M L P
= T3t glW

(B23)

Setting t =t = —7 " in Eq. (B6) together with the above
relationship, we obtain w(—=7T) = fLeq.

Due to the above symmetries, the eight equations (B6)—
(B13) can be solved provided the corner values are given. For

(t,t')= (=T, —T) we have

C(—T,-T)=CY-T,-T) =1, (B24a)
Ri(—T,=T) = Ro(~T,~T) = R~T,-T)
=RN~T,-T) = % (B24b)

’32
8
For (¢t,¢') = (T,7T) the unknowns are C, R;, R,, § C%,
R, RS 2% u, and Ap. For these ten unknowns, we have
Egs. (B6), (B8), (B10), and (B12) evaluated att = ¢’ = T and
Egs. (B15), (B17), (B19a), and (B19b) evaluated at t' =T
plus the two equations

53(=T. —T) = 34T, ~T) = 4—1‘ + P ). 240

C(T.T)=1, (B25a)
RUT, T+ R(T, T)=1. (B25b)

For (t,1') = (=T, T), there are eight unknowns: C, R, R,,
3 cd Ié‘f‘,lég‘ %9 that can be determined by Egs. (B6),
(B8), (B10), and (B12) evaluated at t = —7,¢ =T and
Egs. (B15), (B17), (B19a), and (B19b) evaluated at 1’ = —7 .
In practice, Eqgs. (B10), (B12), (B19a), and (B19b) are redun-
dant using the properties derived earlier:

C(=T.T)=CY=T.T), (B26a)
R(=T.T)=RN-T.T), (B26b)
Ry(—T,T)=R'~T,T), (B26¢)
SR(=T.T)=R%~=T.T), (B26d)

and thus we only need the four equations (B6), (B8), (B15),
and (B17).

3. The energy

The instantaneous energy along the trajectory reads

Ey=) > Ty lsn @ s, O).

p=1ii<-<ip,

(B27)

The expression for this quantity in terms of the order pa-
rameter can be obtained as in Ref. [[36], Appendix F]. The
only difference is due to the difference between Ref. [[36],
Eq. (A8)] and Eq. (A11). In particular, exploiting the fact that
the coupling constants J are Gaussian random variables, by
integrating by parts

E®) B

1
e(t) = T —E|:(1 — g)Cf[C](t, —T) + ECf[C](l‘, T)

n—1
+ TCf[Cdl](t, T)
+T .
+ / Ry ficy(t, t)dt' + (n — 1)
-T

+7
+ f Rz’f[cdt](t,l‘/)dt/il.
-T

In the special case of the pure p-spini.e., f(x) = x”, this result
leads to a simple relationship between the energy and . (¢):

(B28)

1
e(t) = —[1 — u@)]. (B29)
pB
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FIG. 12. Correlation functions (left) C(¢, 0) and (right) C%(¢, t;) in the free case T — oo for (left to right) #; = 2, 4,6, 8, and 10, for
(top curves) € = 0.2 and (bottom curves) € = —0.2. At large #;, C(0, t;) and C*(0, ;) converge to g(¢) from the static FP potential (dashed
lines). See text for more details. Similarly C¥(#, ) converges to the overlap between two configurations at overlap g(e) with the reference

configuration in the FP potential.

The above can be shown using Eq. (B6) at equal times and
using that

F' @)+ f")x = pf'(x) for fx) =,

to make a connection with Eq. (B28). Note that the energy is
continuous in ¢t = =£7, as it should.

(B30)

4. The free case

The free case B = 0 results in considerable simplifica-
tions and can therefore help validate the overall scheme
(see Fig. 12). In particular,

p@) =1

Then, Eq. (B6), the symmetries R, (7, 1) =R, (t',1), C(t,1') =
C(t', t), and Eq. (B8) lead to

Vi<T. (B31)

Rt 1) =1Ct, 1), (B32)
Ryt.1) = 1C@, 1), (B33)
2@, 1) =—18(t —t)+ 1C@, 1. (B34)

The above relationships lead to

1 & C(t,t')+ ! +o@) )C@E,tH)y=8(0t—1t)
242" 2Tk = '
This equation has the same solution as the free case stud-
ied in Ref. [36] with fi(z) = i determined by the value of
C(=T,+7T):

Cit.th)=C(t—1]), p@)=n, (B35)
where
a=1+20, (B36)
1
C(x) = cosh v/ax — — sinh +/ax. (B37)
Va

Then, Eq. (B15) evaluated at # = +7 leads to

d
0=2C.~T)| +C(T.~T)+AuC(T. ~T) = 2e,
=T (B38)
0= Au —2C(—T, +T). (B39)

Plugging the solution Eq. (B37) into the above equations, we
obtain two equations that determine @ and A as a function
of € and 7

_(a—Ap— 1) sinh(4/aty)

0 Ja

+ Ap cosh(Waty) — 2e,

(B40)

0 = VaApsinh(y/aty) + (@ — Au — 1) cosh(Vat;) — 2,
(B41)

where #; = 27. The above equation can be solved numer-
ically. At large #;, the following asymptotic behaviors are
obtained:

8¢
— = 4e+0(), (B42
1+ V1 +4€?) € +0(), (B42)

A — =+/1+4€2 —1 =2+ 0(eY),

(a—1e" —
(B43)

C-T,T)— =€+ 0(€). (B44)

€
T+ V1 +4€2)
One can check that the asymptotic result for C(=7,7T) is
precisely what the FP potential gives.
In the limit € — oo, the final configuration coincides with
the initial configuration, consistently we have that a(e, fr)
approaches a finite limit

aso(tr) = lim af(e, tr) (B45)

that can be written in terms of # by imposing that C(t;) = 1:

1
1 = cosh /asot; — sinh /axots.

oo

(B46)
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One can see that, for € — 0o, Au diverges linearly with €
while a approaches its limit with a power-law correction:

Apu~2e—1+0(1), €— o0, (B47)
a%aoo—i—c—l, € — 00, (B48)
€
where
— D
o = (aoo )0 (B49)

2z + (e — DIn (% + 1)'

For the observable corresponding to different trajectories
we have

R, 1) =1, 1), (B50)

|

Ry, 1) =1ch@, 1), (B51)
4@, ) = et ), (B52)
and C%(¢, t') obeys
1 d? 1
————CYt, )+ (= +p)Ct, 1) =0, B53
52 C ¢ >+(2+u> (t.1) (B53)

which is to be solved with boundary conditions C -7, 1) =
C(t, —T) = C(—T,t) and the conditions on the borders:

d
0=—C%,1)| +CNT,t")+ AuCH(T,1)
dt t=T

— 2eCY (=T, 1.

(B54)

The solution then reads

e V[ Jacosh(y/at') — sinh(at)][(va + Ap + 1)e>Va — DeeVan + 2eeVett2) 4 ((fa — Ap — 1)e2Ve]

Cdt(t, t/) —

Val(Va+ Ap+ DeVan + Ja— Ap — 1]

and we obtain in the limit #f — 00

2
€
T+ V1 +4e2)

again in agreement with the static FP result.

CNT. T)— =+ 0,

(B56)

APPENDIX C: COMPLEXITY AND IRREVERSIBILITY
OF FIBERS

This appendix presents static calculations concerning the
complexity of fibers and their associated irreversibility thresh-
olds. As discussed in the main text, at each final overlap g,
the static measure is dominated by the lowest free-energy
fibers. We have also argued that, within the limits N — oo and
ty — 00, the irreversible dynamics (for g < gy ) is controlled
solely by a small number of extremely deep fibers that develop
a saddle at g;;; and subsequently relax into a metastable state,
the hub.

However, for finite N and #, the heterogeneity among
fibers is fundamentally important. In what follows, we
characterize these higher free-energy fibers, which are
exponentially numerous in N and exhibit a broad distribution
of irreversibility thresholds (saddles) and associated
metastable states (hubs). To evaluate the number of such
fibers, we apply the Monasson formalism [48] to the FP
potential. Instead of optimizing over the rupture variable
x (which corresponds to the Parisi block size), we treat it
as a parameter to probe the complexity. Note that the FP
potential imposes a radial constraint on these free-energy
fibers, effectively turning them into minima of the potential.

There exists an exponential (in V) number of such minima
N, corresponding to a positive complexity, ¥ = zlv log N'. We
here compute the complexity ¥ of these minima (fibers) as a
function of their typical energy Ey, basing our analysis on the

’

(B55)

[
1RSB formulation of the FP potential,

1
Vigks = — 25 [2ﬁ2f(qf> + B2(x — Df(q1) — B*xf(q0)
+ log(1 — g1) + llog (1 + M)
X 1—q

q0 —Q? } (1)
1—qi+x(qg1 —q0) |’

and the corresponding energy

ERg = — 32BF(1) + 281 (qr)
+ 28— Df(q1) — 2Bxf(g)].  (C2)

This potential must be extremized with respect to go and
q1 at a given x, obtaining Vigsp(x; gr) = extrqo,qlvl(]%)sg. The
complexity and relative (free-)energy of the state then follow
as (see, e.g., Ref. [52])

d
2, (0) = x> —Virsp (X3 gp),
dx

d
Jou(x) = E[XVIRSB(M gr)] or E; (x) = Ersp(X; qr).

Figure 13(a) shows the complexity as a function of the energy
of each fiber, parametrically in x. Interestingly, the right end-
point of each curve is determined by the marginality condition

—1+ 20 —q)*f"(q1) =0, (C3)

but we have not explicitly verified the full set of IRSB
stability conditions. It is important to emphasize that this cal-
culation does not follow individual fibers across different gy.
Whether the isocomplexity fibers at different gy are the same
or whether an “overlap chaos” of bifurcating and merging
fibers emerges, therefore, remains an open question.
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For gy = 0.325, the complexity curve intersects the thresh-
old energy Ey,, at which point the unconstrained landscape
becomes dominated by free-energy saddles. At first sight, this
observation might seem contradictory, but recall that the FP
potential imposes a local spherical constraint and therefore
artificially stabilizes these saddles. As we show below, the
minima that lie above this threshold in fact correspond to
fibers that have already crossed their irreversibility threshold
and therefore no longer support reversible dynamics.

To identify the irreversibility threshold of the fibers, we
employ the three-replica potential introduced in Ref. [46],
whose second minimum M, corresponds to the asymptotic
state reached by the Barrat-Franz (BF) dynamics [39]. As a
simple extension, instead of considering the second replica o
as lying within a typical state (i.e., the deepest free-energy
fiber) at a distance g;’ from the reference configuration, we
allow it to reside in an atypical, higher free-energy fiber.

J

2grq13x(q23 — 223)

For the first two replicas, we again extremize Eq. (C1) for
a given x. The third replica potential follows from Ref. [[46],
Egs. (3.10)-(3.12)]. However, since we are only interested in
locating the emergence of the M, minimum, we consider the
RS version of Eq. (3.10), with the additional simplification
wy3 = ¢»3. Under this assumption, the potential becomes

1
= |:2f32f(6113) +28%xf(q23) — 2B%x f (223)

(3)
VRS == 2}3

+ﬁ%—hﬂm)+mg1—n>+?f%} (C4)

with corresponding energy
Egd = = 31287 (1) + 2B (qus) +2Bx/(42)

— 2Bxf(z23) — 2Bf (s1)], (C5)
and Ref. [[46], Eq. (3.11)] becomes

2
y=¢qj3+
B 14 qi 4 qox —qix

For any given g; and x, we first determine the parameters g
and g, by extremizing the two-replica potential Vl(é)ss- These
values are then used to partially evaluate the variable y, which
is subsequently inserted into the three-replica potential Vlg).
This potential is then extremized with respect to the remaining
variables q13, 423, 223, S1.

Figure 13(b) presents the regime of reversible, finite-
complexity fibers. Following the above procedure, we find that
a nontrivial solution M;—a second minimum—with g3 # g
emerges for gy to the left of the green line. Interestingly,
two distinct mechanisms underlie the emergence of M,. As
better seen in the inset, the dash-dotted line corresponds to
the marginality condition

—1+ 21 —s1)*f"(s1) = 0, (C7)

while the solid green line denotes a first-order transition. The
dynamical distinction between these two types of transitions
within the Barrat-Franz framework remains an open question
and is left for future investigation.

For now, we interpret the line marking the appearance
of M, as the set of points (overlap vs energy) at which
fibers reach a saddle point. This point corresponds to the
onset of dynamical irreversibility. We further conjecture that
the lower portion of this line (solid curve) corresponds
to index-1 saddles. After crossing this saddle, each fiber
flows—following the Barrat—Franz construction—toward its
corresponding asymptotic metastable hubs state, identified by
the overlap ¢;3 and the energy of the M, minimum. As noted
in the main text, these metastable states have a higher over-
lap with the reference configuration t than their associated
saddles, implying that the unstable direction of the index-1
saddles must be orthogonal to the radial direction toward

"Notice that this overlap is called g, in Refs. [39,46] and ¢; is
called g.

x(g23 — 23)[q23 — q23q1 + q23(qf — 290 + 91)x + 223 + @1 (—1 + X)223 — GFx203]

(6)
[1+q1(=1+x)— qox]? (o)

(

7. It would be interesting to explore whether this somewhat
surprising hub geometry, with fibers bending back toward t,
is a general feature of RFOT models or merely a peculiarity
of the present one.

We also observe that the first fibers to reach their saddle
points are not the deepest (lowest energy) ones, but rather
the highest ones (green square in the inset). This feature
complicates the dynamical interpretation. If we constrain the
dynamical potential with g¢ > g;,; but lower than the overlap
of these early fibers, we expect the system to be irreversible,
but such irreversibility would be atypical (exponentially sup-
pressed in N). It remains unclear how this fiber geometry
affects the inverted limit #; — oo followed by N — oo, and
whether threshold states could dominate as a result.

A related calculation was carried out in Ref. [40], although
at the level of the energy landscape, where the reference
configuration corresponds to an energy minimum. Comparing
Fig. 13(b) with their Fig. 1, we observe a correspondence
between our (g, Eirr) and their (¢*, €*). However, we also
note a key difference. Aside from very-high-energy fibers, in
our case, the first index-1 saddles appear at the lowest energies
as the overlap decreases, whereas in their case, saddles appear
at a midrange energy €),. Understanding the origin of this
inversion remains an open question.

Finally, in the model we considered—based on static
calculations—we expect the relaxation dynamics to be dom-
inated by the deepest fibers. This suggests that, up to the
irreversibility threshold, the system explores a relatively sim-
ple basin structure, with only a few escape fibers, not too
different from ferromagnetic basins. It would therefore be
very interesting to find evidence (perhaps in some mixed p-
spin models) of a phase in which the fibers dominating the
measure are not the deepest ones, even in the thermodynamic
limit. In such a phase, the dominant fibers would have fi-
nite complexity, implying an exponential number of escape
directions and thus a much richer and even more intricate
dynamical behavior.
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FIG. 13. (a) Fiber complexity as a function of the energy of each fiber, parametrically in x, for different final overlaps in the range ¢;, <
gt < qmg, for the 3-spin spherical model—with f(q) = q*/2—at T = 1/1.695. Note that for g; = 0.325, the complexity curve intersects the
threshold energy Ey, (red line, see text). (b) The regime of reversible, finite-complexity fibers (light green) emerges between roughly g, and
gmg- between the lowest (solid black line) and the highest (dash-dotted line) free-energy fibers. The latter is given by the marginality condition
in Eq. (C3). The onset of saddle points (green line) is where the M, minimum first appears in the three-replica potential. Within the light-green
regime, fibers remain reversible, and hence the BF dynamics relaxes back to the reference equilibrium state. By contrast, initiating BF dynamics
from the saddles relaxes toward asymptotic metastable states or hubs (dotted purple line). The deepest of these metastable states—the dominant
hub—(purple star) is reached from the lowest free-energy fibers (large green dot) and is expected to dominate the dynamics in the limits

N — oo and t; — 00.
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