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Abstract. We perform numerical simulations of a long-range spherical spin
glass with two and three body interaction terms. We study the gradient descent
dynamics and the inherent structures found after a quench from initial condi-
tions well thermalized at temperature T',. In very large systems, the dynamics
perfectly agrees with the integration of the mean-field dynamical equations. In
particular, we confirm the existence of an onset initial temperature, within the
liquid phase, below which the energy of the inherent structures undoubtedly
depends on Ty,. This behavior is in contrast with that of pure models, where
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there is a ‘threshold energy’ that attracts all the initial configurations in the
liquid. Our results strengthen the analogy between mean-field spin glass models
and supercooled liquids.

Keywords: energy landscapes, slow relaxation, glassy dynamics, aging, memory
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1. Introduction

The long-range p-spin spherical model was introduced almost 30 years ago as a model
with quenched disorder that presents the ‘same’ equilibrium dynamics exhibited by the
‘simplified” mode-coupling theory (MCT) of liquid dynamics [1-3].

Given its simple tractability, the model plays a central role in understanding the
equilibrium and out-of-equilibrium phenomena of ergodicity breaking in disordered sys-
tem [4-6]. And it is at the core of a larger theoretical perspective, the random first-order
transition (RFOT), which consider the mean-field approximation as the ‘zeroth’ order
in the description of relaxation phenomena observed in real glasses [7].

On another side, the p-spin spherical model is a reference model in the study of
optimization algorithms. Its energy landscape is shaped by a large number of minima
and some questions naturally arise. Which are the lowest minima in the energy landscape
reachable starting from a random configuration? Which algorithm can reach them? The
‘best’ algorithm reaching the lowest minima defines the ‘algorithmic threshold’ of the
model [8, 9]. In the p-spin spherical model, any annealing in temperature, from fast to
arbitrarily slow, always reaches the same energy (called ‘threshold energy’) such that
an optimization seems hard if not impossible at all.
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However, in a recent paper [10] we exhibited the emergence of a new out-of-
equilibrium dynamical phase in ‘mixed’ p-spin spherical models—a simple generalization
of the ‘pure’ p-spin—in which different thermal relaxation protocols (optimization algo-
rithms) reach different energies below the ‘threshold’ one. The considered protocols are
constructed with two relaxation regimes. The system is initially equilibrated at T, and
then quickly cooled to zero temperature. If T}, is chosen above and close enough to the
mode-coupling temperature Tyt (the temperature at which the system looses ergod-
icity), when cooled quickly, the system does not forget its initial condition and its final
energy lies below the ‘threshold’ energy. The same phenomenology is observed in simu-
lations of structural glasses [11]. On the contrary, applying the same protocols to pure
p-spin models [5], the system always reaches the ‘threshold energy’, eventually forgetting
any configuration s(t') reached at any finite time t' after the quench.

The property of asymptotically loosing the memory of any past configuration is
called weak ergodicity breaking (WEB) [12]. Instead, if the system remembers the ini-
tial condition—and any configuration s(t') reached at any later time ¢'—the relaxation
dynamics has a strong ergodicity breaking (SEB) [13].

Pure p-spin models (with only one p-body interaction) are a special subclass of
mixed p-spin ones (multiple p-body interactions). Their WEB relaxation dynamics fol-
lows from its peculiar energy landscape, where there is only one energy value (the
so-called ‘threshold’ energy) that attracts every out-of-equilibrium dynamics from the
liquid phase. This threshold manifold is the only locus where marginal states can be
found (marginality is the property of an energy minimum that makes it an attractive
fixed point for the out of equilibrium dynamics at long times [14]).

On the other hand, the energy landscape of mixed models is more complex, and
different ‘marginal’ manifolds are suitable for the asymptotic dynamics (see appendix A).
As a consequence the relaxation dynamics is richer, presenting regions of both WEB and
SEB, resembling what is observed in real structural glasses. This new class of models
thus enlarges the RFOT scenario in the out-of-equilibrium regime.

In order to understand this ‘richer’ out-of-equilibrium dynamics, we consider the
over-damped Langevin dynamics at zero temperature, i.e. a gradient descent dynamics
in the energy landscape. The system, initially at equilibrium at T7,, relaxes at temper-
ature T' = 0. This gradient descent dynamics will asymptotically bring the system to
its inherent structures (IS), i.e. the configurations that correspond to local minima of
the energy landscape; therefore, providing a direct connection between dynamics and
geometry of the energy landscape. In the properly chosen mixed p-spin models (see
section 2), three different dynamical-geometrical regimes are observed depending on the
initial temperature Ty, [10]:

o T > Touser: the system ‘slowly’ relaxes towards the ISs whose energies are temper-
ature independent, and it forgets its initial configuration;

o T'sp < Ty < Tonset: the system ‘slowly’ relaxes towards the ISs whose energies depend
on T}, and which lie at a finite distance from the initial configuration;

o Tx <Ti, < Tsp: the system ‘quickly’ relaxes to the ISs whose energies depend on
T, and which lie at a finite distance from the initial configuration.
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In general T'sp < Thicr < Tonset hold. While ‘slowly’ indicates a relaxation where one-
time observables have a power-law decay to their asymptotic limit, ‘quickly’ refers to
an exponential relaxation. The temperature Ty was introduced in [11] to define the
onset of glassiness in structural glasses. The regime above T, is analogous to the one
found in pure p-spin models above T'ycT, in which the same ‘threshold’ energy manifold
attracts the dynamics from any T';,. While T'sp is the state-following temperature, below
which the equilibrated system is confined in a free-energy ‘well’ that shrinks but does
not break if the temperature is lowered to zero, no matter how [15]. Between T'sp and
T onset Tises the unexpected regime that will be the main focus of this manuscript and
which is completely absent in pure p-spin models where T'sg = Tyvicr = T onset -

In order to test the rather unexpected ‘under-threshold’ dynamics presented in [10]
and study its finite size corrections, here we present some direct simulations of the
pure 3-spin and the mixed (2 + 3)-spin models. Despite the importance of the model,
only a few attempts to the direct simulation have been made [16-18]. To reach large
system sizes, we have considered diluted models, with the same thermodynamic limit
as the canonical one [19, 20]. Another important ingredient used in the simulation is
the planting method [21], which allows preparing the system directly at equilibrium,
with no need of slow annealings in temperature or other equilibration algorithms. With
these two ingredients, we have simulated a (2 + 3)-spin system up to N = 2'° prepared
at different temperatures T%,.

As a first important result, we confirm the thermodynamic limit of the gradi-
ent descent dynamics found by the integration of mean-field dynamical equations
(MFDE) [10]. In the (2 4 3)-spin spherical model, preparing the system at high temper-
ature, T, > Toneet, the dynamics loses memory of the initial condition following the
WEB conjecture. While preparing the system near the mode-coupling temperature
Tyvor < Thy < Tonset, the dynamics presents SEB keeping memory of the initial
condition.

Secondly, we have simulated smaller systems of sizes N = 2000,4000 considering
a single realization of the quenched disorder and many different initial configurations
at different temperatures T7,. In this case, the planting method is not available, since
by construction it provides just a single equilibrium configuration (on top of which
the quenched disorder is built, see section 3). Therefore we have proceeded with a
standard simulated annealing in temperature to achieve equilibrium and sample many
different equilibrium configurations. Using a conjugated gradient algorithm, we find the
ISs and connect their energies with the one of the initial configurations. This analy-
sis shows that in the (2 + 3)-spin it is possible to define an onset temperature T g,
whereas by contrast, in the 3-spin such a temperature does not exist. This confirms the
importance of mixed models (rather than pure ones) in the study of complex energy
landscapes.

The structure of the paper is the following: in section 2 the p-spin spherical model
is introduced and the distinction between pure and mixed models is examined. In
section 3 dilution and planting are defined and discussed. In section 4 the main results
are reported: the agreement with the mean-field integration and the presence of the
onset in finite systems. Appendix A is dedicated to the theme of marginality in mixed
vs pure models, while appendix B regards the finite-size scaling of ISs.
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2. Model and induced dynamics

The Hamiltonian of the spherical p-spin model is defined by a series of interaction terms
with quenched disordered couplings:

H[S] = alzjlisi + azzjé‘jSiSj + Ozgz,];jksisjsk 4+ .- (1)
i i\7

where spins s; € R with ¢ € [1, N] and are confined on a sphere Y. s? = N. Each term is

a p-body interaction and it is defined by a Gaussian random tensor J,, whose components
are i.i.d. Gaussian variables with variance E[.J)/ -2 = 5IN/NP. The choice of considering
all possible p-uples instead of only the ordered ones (as in the original definition of the
model [4]) is dictated by the requirement of having a rotation-invariant system also for
finite IV, e.g. P(J;jk) = P(Jgjlk/Rg,R?,R’?,), where R is a generic rotation. The original
formulation of the Hamiltonian is obtained contracting the tensor J, with the symmetric
tensor of spins s;s; ... and ignoring interaction terms with repeated indices which are
subdominant in the large N limit.

The «, are parameters that define the specific model considered (hereafter we set
a; = 0 as the presence of an external field requires special care). Pure models are those
for which only one «, is different from zero and therefore they have a homogeneous

Hamiltonian such that

ZsiasiH[s] = pH|s]. (2)

In this paper, we focus on the (2 + 3)-spin model which is defined by ay = 1 and a3 = 1,
while in the previous paper [10] we have considered the (3 + 4)-spin.

The variance of the Gaussian disorder Hamiltonian can be rewritten in a compact
form as

E [H[s|H[s]) = Y_o2E[J,) (Z) = NS el = Nf(g) ©)

where we have introduced the overlap ¢ = ), s,5;/N € [—1, 1] between spin configura-
tions. The function f(q) is the polynomial that uniquely relates to each specific p-spin
model. By means of f(q) it is possible to define different classes of models, that corre-
spond to different kinds of ergodicity breaking at low temperature [22]. In the following
we restrict our analysis to the class of p-spin models that presents a phenomenology
appropriate to describe structural glasses in the RFOT perspective. This RFOT-class is

defined by the condition 83 [ f (q)_ﬂ > 0 for every ¢ € [0, 1] and it corresponds to models

having a thermodynamic transition with one step of replica symmetry breaking (1-RSB)
at low temperature. All pure (p > 2)-spin models have f(q) = ¢”/2 and fall into this class.
The same is true for our reference (2 + 3)-spin model for which f, 5(q) = (¢* + ¢*)/2.
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In the thermodynamic limit, these models present three phases at thermal equilibrium:

Tver < T liquid phase FE = —f(1)/T
Tx <T < Tyer glassy phase FE=—f(1)/T
T < Tk deepest glass E > —f(1)/T (4)

where E = E[(H)]/N is the average energy of the system®. Thcr is the mode cou-
pling temperature that defines the breaking of ergodicity of the phase space, i.e.
limt_,oo C(t, 0) = limt_,oo limN_m Zz S,(t)SZ(O)/N 7'é 0 for T < TMCT~ At TK, the Kauz-
mann temperature, the Gibbs measure gets concentrated on the glassy states of lowest
free-energy: in the replica formalism this corresponds to a phase transition to a 1-RSB
phase. For T' > Tk all the equilibrium properties of the system can be evaluated by an
annealed computation, which means that the fluctuations from sample to sample are so
small that not only the free-energy is self-averaging, but also the partition function itself
does not fluctuate in the large N limit and can be computed by the following annealed
average

Z = ]E/Ds exp(—BH]s] /DSE exp(—BH]s])]
- /Ds exp (—?E[H[S]H[SH> - eXp( Bzf( )> (5)

where Ds is the uniform measure over the N-dimensional sphere defined by >, s? = N.
Having restricted the analysis to a model belonging to the RFOT-class, we introduce
the Langevin dynamics into the model [23]:

Dysi(t Zpk — 0, H[5(t)] + &(1)]
(&i()g;(t )>=2Tf5z'j5( )

where PF = §;, — s;5,,/N is the projector on the space tangent to the sphere and ¢; is
the standard white noise of the thermal bath at temperature 7. This dynamics must
be flanked with an initial condition on the spins configuration. We consider an initial
condition equilibrated at inverse temperature /3

(6)

P(s(0)) o< exp (=i H[s(0)]) - (7)

This defines our two-temperature protocol of dynamics: the system is prepared at the
initial temperature T, and relaxed at the final temperature 7.

This protocol has been studied in the past [15]. There have been several attempts
to understand the asymptotic solution to the out of equilibrium dynamics result-
ing from this two-temperatures protocol. Unfortunately beyond some particular cases,
namely equilibrium dynamics (T = T,) and aging starting from a random configuration
(T, = o0), the attempts have been inconclusive [6, 15, 24, 25]. All these attempts have
used the Franz-Parisi potential [6], which is build by considering first a reference con-
figuration s’ sampled from the equilibrium distribution at T, and then computing the

6T stands for average over disorder and () is the thermal average.
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free energy cost of placing a second configuration s> (that would represents the typi-
cal configuration reached by the dynamics in the large times limit) at temperature T
and at a fixed overlap ¢ from s”. In pure p-spin models this construction provides the
same answer one gets from integrating the Langevin dynamics (6) at very large times:
that is, if Tt = T, in the glassy phase, the potential presents a metastable minimum at
q = lim; ,, C(t,0), and when T is lowered this metastable minimum keeps correspond-
ing to the long time dynamics. This procedure is called state-following in temperature
but unfortunately does not work for mixed p-spin models since the metastable minimum
in this class of models disappears for Tt < T (Th,) and there is no alternative recipe
for computing the large time asymptotics of the two-temperatures protocol”. The lack
of any analytic tool to predict the large time dynamics in mixed p-spin models makes
the integration of the dynamical equations the only way to understand the outcome of
the two-temperature protocol.

Focusing on the case of Ty = 0, which corresponds to a gradient descent in the energy
landscape, we have found the following scenario [10]:

pure RFOT models Tin > Tycr aging with WEB E=Fn p=pmg
T < Tuer relaxation towards IS of the glass E < Ey  p0 > i
mized RFOT models Tin 2 Tonses aging with WEB E=E: pt=lm
TSF < En ,S Tonset aging with SEB E< Erc H = Hmg

Tin < Tsr relaxation towards IS of the glass E < E  p > finmg (8)

where = —> ", 5;0,,H[s]/N is the radial reaction, i.e. the radial force exerted at s; by
the spherical constraint to maintain the spin configuration on the sphere. As shown in
appendix A, if s is a stationary point of the energy H[s], then p controls the value
of the lowest eigenvalue associated to its Hessian, H;; = 0°H[s]/0,,0,,. If > p,,, the
stationary point is a minimum, while for u < p,,, it is a saddle. The ‘marginal’ minima
are defined by the condition y = p,,, and it is important to remind that the Langevin
dynamics at large times converges to marginal minima with high probability.

In pure p-spin models, all marginal states have a well-defined energy, called threshold
energy Fiy, = —[i,,/p, and the Langevin dynamics starting from any temperature in the
liquid phase (T}, > Twcr) converges to Ey,. At variance, in a mixed p-spin model there is
an entire range of energies where marginal states can be found [10] and predicting which
one is going to attract the out-of-equilibrium Langevin dynamics is highly non-trivial.
Starting from a random configuration the dynamics converges (with high probability
in the large N limit) to the energy E,. whose value is reported in equation (24) in
appendix A (where more details on the differences between pure and mixed models
are also provided). Starting from T, < Tonses the Langevin dynamics goes ‘under the
threshold’ and reaches energies lower than F|., while keeping memory of the initial
configuration, i.e. showing SEB. The T, temperature was introduced in [11] in order
to describe the dependence of the IS energy on the temperature T4,. Lowering further
T;, below Tsr the aging ceased and the Langevin dynamics relaxes within a state,

"Such a clear distinction between pure and mixed p-spin models has been recently confirmed also via the study of the minima of
the Thouless—Anderson—Palmer free energy [26].

https://doi.org/10.1088/1742-5468 /abe29f 7
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that can be followed down to Tt =0, since T (Tsp) =0 [10]. In between the two
temperatures T'sp and T',; @ new out-of-equilibrium phase emerges, which shows aging
behavior in a restricted part of the phase space. Its full understanding is far to be
complete.

To conclude the section we report some relevant temperatures in the mixed (2 + 3)
-spin model and in the pure 3-spin model:

. TSF TK TMCT Tonset Hmg E re
(24 8)-spin = s T T.0006. | 125 | 4 | 155 (9)
e T Thcr H mg En
B8P 6T [ 0.6124. | 3By, | ~1.1547.. (10)

We observe that in the (2+ 3)-spin, contrary to the (3 4 4)-spin studied in [10],
Tsp is below Tk and so no equilibrium glass prepared above Tk can be followed down
to Ty = 0. Moreover, we notice that Tx and T\cr are very close to each other since
the number of metastable states in this model is much smaller than in the (3 + 4)-spin
studied in [10]. For a thorough discussion of equilibrium and out-of-equilibrium aspects
of the model, we refer the reader to [27].

3. Simulation preliminaries: dilution and planting

To substantiate the results obtained in [10] in the N — oo limit, we have performed
a numerical simulation of the gradient descent dynamics (7 = 0) for a mixed p-spin
model in the RFOT class, starting from different initial temperatures T},. Instead of
the (3 4+ 4)-spin model studied in the aforementioned paper, we have considered the
(2 + 3)-spin model because of numerical convenience, given it has O(N?) interactions
rather than O(N*Y).

To reach sizes such that the finite-size effects on a single trajectory are tiny (N > 2!2)
we resort to the dilution of the interaction terms, preserving the thermodynamic limit
28]. We select a random fraction D, of all interactions J, and since we want to have
the same statistics in the thermodynamic limit, i.e. the same energy correlations as in
equation (3), we rescale accordingly the variance of the quenched disorder to E[.J,?] =
SN/(N?D,). As a result, we obtain a diluted Hamiltonian with fewer interaction terms,
but each one has a larger strength. However, there is a caveat: the dilution parameter
D, cannot be arbitrarily small, otherwise the system will condensate. This may happen
since, upon strong dilution, the system becomes more and more heterogeneous to the
point that the minimum energy is achieved on configurations where a vanishing fraction
(in the large N limit) of spins becomes exceedingly large, while the majority of spins
take values close to zero [19, 20]. To compute a lower bound to the dilutions that avoid
condensation we consider the worst-case scenario where a single spin gets the whole
weight®. Setting s, = VN with iy, = argmin,[J/'] and s; = 0 for i # i, we get the

8 This argument it is usually done considering a subset of p spins, instead of a single spin, that gets the whole weight, but in our
model definition there are diagonal terms (that were ignored in previous studies). In any case, the two arguments provide the same
scaling.
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energy of the most condensed configuration

NEona = mmS min -2 log N\/ p —1/2 log NH N/Dp 11

where Ji, = Hlln?[J;)lZ] and the term /2 log N comes from the largest fluctuations of
extreme values of Gaussian distributed random variables [29]. This result is identical for
every p-body interaction. F.,,q should be compared with the typical energy Fg, that
we need to study in our simulation.

log N
NE2 '

sim

Esim < Econd — D (12)
For the gradient descent dynamics in the (2 + 3)-spin we use Eg, = E3, =~ —0.9, i.e.
the 3-body part of energy reached starting from a random initial condition®. This allows
to avoid condensation during the dynamics. In case one needs to further increment the
dilution, the simplest way is to take a bounded distribution of interactions. This erases
the extreme value factor 2log N, giving the relation D, > 1/(2NE2 ).

In simulating the (2 4 3)-spin model we have chosen different dilutions, both with
Gaussian and bimodal distribution of the couplings, trying to stay close to the lower
bound in equation (12). Close, but definitely above it, usually by a factor around 2. In
this way we have been able to simulate systems up to N = 216,

Having prepared the quenched interaction we need to extract an initial configuration
at equilibrium at T},. This can be achieved with an annealing in temperature till the
desired temperature. For large systems, the equilibration time near Tcr is very large
and equilibration becomes computationally expensive. So we resort to a trick which
is always available in mean-field models whenever the typical fluctuations induced by
the quenched disorder are small and the annealed average is correct, i.e. if E[log(Z)] =
log(E[Z]). This is the case for T}, > T'x as we have already discussed around equation (5).
In this region it is possible to plant the initial configuration following [21]. First, a
spin configuration s* is randomly chosen on the sphere and then the couplings J, are
extracted according to an s*-tilted Gibbs distribution. Thus, we have a new Hamiltonian
H*[s] such that s* is an equilibrium configuration at T;, = 1/f,,:

NG, s*s*s*
H*[s| = H[s] — 25 ( Z Si +a22 szs] +a32 b sis81 + . > . (13)

ijk

It is easy to show that E[H*[s*]] = —Nf;, f(1). Therefore the new interactions are just
shifted by the respective tensor of order p built upon s*, which for our reference (2 + 3)
-spin gives

k k%
J*” ,]2 in Sz S] J*”k ijk __ Min 5;5;5k

2 N2 3 2 N3

(14)
where Ji and JJ/* are extracted from the original Gaussian or bimodal distribution.

gErc = EQJ‘(‘, + ESJ'(‘, = —1.55.
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4. Gradient descent simulation

In this section we report the main results. Firstly we show the agreement between the
simulation of the gradient descent dynamics in large systems and the integration of the
MFDE. We show the results for two system sizes, N = 2! and N = 2'°, using planting
together with the dilution of the interactions as described in the previous section.

In the second part of this section we study the energy landscape for a single realiza-
tion of the quenched disorder. We consider two systems of sizes N = 2000 and N = 4000
both in pure and mixed models and study how the ISs depend on T',. Already at these
small sizes, mixed models present an onset temperature and the related dynamics going
below F.., while pure models present a unique ‘threshold energy’.

4.1. Agreement with mean-field integration

Having introduced the two-temperature (T4,,Tf) protocol, given by the Langevin
dynamics in equation (6) together with the starting equilibrium condition in
equation (7), it is possible, through two different approaches—dynamical cavity
approach and path integral formalism—to derive the correspondent MFDE. These
equations relate the two-time correlation Cy =), (si(t)s;(t'))/N with the two-time
response Ry = Y, Oh(si(t))/N of the system in the thermodynamic limit (N — 00).

t
0,C = — 1 Cr + / 1"(Cis)RisCipds
f;/

v
+ / (f”<cts)RtsCt/s + f,(Cts)Rt/s) dS + ﬂinf,(ct())ct/() (15)

0

t
O Ry = o — Ry + / J"(Cis) RysRepds
tl

where i, = T; + fot (f"(Cs)RisCiyds + f'(Cis) Ris) ds + B f'(Ci)Cyo in order to enforce
the spherical constraint. d, is the Dirac delta. These equations have a hidden arbi-
trary time scale, but for simplicity we have chosen to fix it with the normalization

lim; . 0,Cy = —T%. The average energy of the system is:
t
E(t) = A}im E[(H[s(t)])]/N = —/ ' (Ci)Risds — Binf(Cho). (16)
—00 0

For Ty = 0, i.e. considering gradient descent dynamics, the equations in equation (15)
can be integrated numerically till times of the order of 10°. The algorithm we have used
is a simple fixed-step integration and it is reported in [30]. The plane (¢,?') is discretized
in both dimensions by time steps of fixed size At and the integration is performed on
this grid, thus the total computing time grows as (t/At)® = (#steps)®. The true values
at each time are recovered by extrapolating At — 0 19

In figure 1, for two different system sizes, N = 23 (blue) and N = 2" (red), we con-
sider the gradient descent dynamics, starting both from random configuration (7}, = 00)

10 Three different steps are considered and then a quadratic fit is performed.

https://doi.org/10.1088/1742-5468 /abe29f 10


https://doi.org/10.1088/1742-5468/abe29f

Gradient descent dynamics in the mixed p-spin spherical model: finite-size simulations and comparison with mean-field integration

Initial Energy Tj,=1.03 Initial Energy Tjp= =

-1.530

== N=o (integration)
—— N=8192
Typ=o —— N=32768

— Ee

—1.5354

,,,,,,,, E. from T;;=1.03
—1.540 4

0
-0.02 -0.01 .00 0.01 0.0:

—1.5454 \\
\J
- N-8192 \ -
- N-32768 \‘\__ﬁ"_ 1.03
e
-1.550 —

Energy

—1.555+4

-1.560

0 T T T T T T T T
~1.5575 ~1.5550 ~1.5525 ~1.5500 ~1.5475 ~1.5450 ~1.5425 ~1.5400 ~1.5375 0 100 200 300 400 500 600 700 800 900
Energy at time 900 time

Figure 1. Gradient descent dynamics in the (2 + 3)-spin model with N = 2% and
N = 2% from random initial condition (T, = o0) and from equilibrium near T\jcr
(T, = 1.03). (Left) Above the histograms of initial energies; below the energies
for the same samples at time 900. (Right) Average over the different samples of
the energy as a function of time. The N — oo line is given by the numerical inte-
gration of MFDE. The shadowed areas show the standard deviation over different
trajectories. Each trajectory has a different quenched disorder.

and from equilibrium near Tycr (T3, = 1.03). The second condition is implemented
through the planting procedure, thus each trajectory corresponds to a different quenched
disorder. Here we have considered Gaussian interactions with dilutions Dy = 0.1 and
D3 = 0.001 for systems N = 23 and Dy = 0.025 and D3 = 0.00025 for systems of size
N =25,

In the upper part of figure 1 (left) we plot the histograms of the initial equilibrium
energies of the system, which stay around the thermodynamic limit (green lines). In both
cases fluctuations are of order O(N /%), as expected. The gradient descent dynamics is
implemented starting from the planted initial configuration s(0) = s*. In order to enforce
the spherical constraint the spin s is rotated at each step in the direction defined by
the projected gradient V' H|[s] = P[V H]|s]] as in equation (6). To integrate the gradient
descent dynamics we use a variable time step At, such that the angle of rotation 6
between two consecutive projected gradients!'! is kept roughly constant, 6 ~ 0.025. In
the limit  — 0 the dynamics is equivalent to the Langevin dynamics at Tt = 0.

In figure 1 (right) we show the average (full line) and the standard deviation (light
shadow) of the energy FE(t) for the two initial conditions. The green dashed line reports
the results from the numerical integration of MFDE in equation (15). The black thick line
is the N — oo threshold energy as defined in equation (24). The black dotted thin line
represents the long time asymptotic extrapolation of the energy starting at T, = 1.03.
The dynamics are shown till time 900 and the relative histogram of energies reached
at that time is shown in the bottom of figure 1 (left). Let us notice that, based on
finite-size considerations (appendix B) we would expect smaller systems to reach higher

UV H[s()] V] H s(t + At)] & cos(0) V7 H[s(t)][| V7 H[s(t + At)]||
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Figure 2. The same samples considered in figure 1. (Left) Correlation with the
initial configuration vs time. Starting from a random configuration the memory of
the initial condition is lost (WEB), while starting from T, = 1.03 &~ Tyicr SEB is
observed. The dashed gray lines is an extrapolation of the mean-field integration
for infinite time. (Right) The energy during gradient descent from T}, = 1.03 as a
function of the radial reaction p until time 900. Thick lines represent the averages
over all samples, while thin lines are single samples.

energies, independently of the starting temperature. However in figure 1 (right) we see
that for Ty, = 1.03 the smaller system reaches smaller energies. This is an artifact of
the planting procedure in finite-size systems, which is not observed when the system is
prepared through annealing. In fact, for N = 8192 some samples prepared at T, = 1.03
have starting energy below Fycr, therefore being inside a glassy state, that goes to very
low energy when cooled down!2.

In figure 2 (left) the average correlation with the initial configuration
Cy =>_,5i(t)s;(0)/N and its standard deviation are shown. Starting from random con-
dition WEB holds, while starting from T}, = 1.03 &~ T\jcr the systems is confined in
a partition of the phase space and SEB holds. The black dotted thin line marks the
long-time extrapolation from the integration of MFDE. Clearly, the fact that SEB holds
asymptotically in the thermodynamic limit cannot be confirmed by these simulations.
Here we just want to support the correctness of the integration. To conclude in figure 2
(right) we show the parametric plot of the energy vs the radial reaction starting from
Ty, = 1.03. In the thermodynamic limit, the marginal radial reaction is p,,, = 4 which
is reached asymptotically in the long time limit.

4.2. Onset in finite systems

In this section we show that the presence of an onset temperature can be observed even
when simulating a single realization of the quenched disorder. We consider one system
of size N = 2000 and another of size N = 4000 and for each one we take many initial

12 A more detailed discussion on the two procedures to equilibrate a system (planting vs annealing) can be found in section 3.3.2 of
[27].
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Figure 3. (Left) The energies of the IS vs those of the initial configurations for
different temperatures T, (different colors) in a single sample of size N = 4000
of the (2 + 3)-spin model. The dashed thick black line joins the average values
computed for each temperature, while the thin dashed horizontal line marks the
empirical threshold energy defined by the average energy of the IS reached from
random initial conditions. For T4, < Tonset & 1.35 the dynamics goes clearly below
the threshold. The dashed-dotted line corresponds to the thermodynamic limit.
The light gray dashed curves are for the N = 2000 sample, that seems to have a
slightly higher Tyt (Right) The same points are presented in the plane IS energy
vs IS radial reaction, together with their averages (one big cross per temperature).
We notice that the mean energy decreases, while the mean radial reaction remains
roughly constant while lowering T',.

conditions at different temperatures. We consider smaller sizes driven by the necessity
of equilibrating the system through an annealing protocol for every T,. This is a direct
consequence of the limit of the planting procedure which does not allow to simulate
more than one temperature for the same disorder, since the disorder is built according
to the planted configuration. The dilution considered is D, = 3/ V'N,D; = 3/N with
bimodal interactions. In order to select the initial conditions at T%,, we have adopted a
simple Monte Carlo annealing starting from 7' = 2 and lowering the temperature with
a constant rate AT = —0.0001 per MC step, followed by evolution at the constant tem-
perature T, for a time long enough to allow the recollection of several independent
initial configurations. In practice, we require the overlap between consecutive selected
configurations to be 0.1 or smaller. From each of these configurations, a gradient descent
dynamics is performed to end up in the correspondent IS. In sampling initial configura-
tions we consider the same total time for every T,. As a consequence, the total number
of samples is inversely proportional to the relaxation time at that temperature, and for
T, approaching Tt we have very few samples.

This simulation is performed both on a mixed (2 4 3)-spin and a pure 3-spin model.
In figure 3 we show the energy of the IS as a function of the energy of the corresponding
initial equilibrium configuration, for different temperatures T}, (different colors) in the
(2 + 3)-spin model. We define the random condition energy FE,. of each system as the
average IS energy reached from a random initial condition (black points). Preparing the
N = 4000 system with T4, < Toueet & 1.35, the IS energy average goes below the defined
FE.., therefore we can define a crossover at Ty, wWhich in the thermodynamic limit is
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Figure 4. The same analysis presented for the (2 4+ 3)-spin model in figure 3 is here
repeated for the 3-spin model. In this case different initial temperatures T, have
the same IS energy (left), since the homogeneity of the Hamiltonian implies that
energy and radial reaction are proportional (right).

expected to reach T\, = 1.25. This onset temperature marks a crossover, as transition
temperatures in finite systems do, and it exhibits a finite-size dependence, shifting up
for smaller system sizes (see the light gray dotted line for N = 2000).

In the right plot of figure 3 we report for the same ISs of the N = 4000 system the
energy Eg vs the radial reaction pg. The black crosses (and the dashed line connecting
them) represent the average and relative errors for different temperatures T4,. While
Eg decreases with the temperature for T4, < Tonset, the radial reaction pyg is roughly
temperature independent, which seems to confirm that radial reaction is related to the
stability of the minima reached by the relaxation dynamics also in finite-size systems.
In appendix B we report a finite-size analysis of Eig and puyg.

The same analysis is repeated for the 3-spin in figure 4. In this case the system,
prepared at different T, > Tcr, always relaxes towards the same threshold energy E\,
defined from random initial conditions. In this case, any annealing preparation of the
system does not have any benefit on average. This behavior is due to the homogeneity
of the Hamiltonian which implies that IS minima satisfy the relation Fig = —3pus (see
appendix A). Hence, fixing marginality ;g = fi,,, implies fixing the energy Eis = Ey, =
—3fty and fluctuations of the second are implied by fluctuations of the first, which is
related to fluctuations of the lowest eigenvalue of the Hessian computed at the IS [17].
The proportionality between ;¢ and Eig in the 3-spin model is highlighted by the right
plot in figure 4.

To conclude, we report in figure 5 the overlap ¢ = >, 5;(0)s°/N between the IS
s and the initial configuration s(0) for both the (2 + 3)-spin and the 3-spin models.
The more the system is prepared near T'yicr, the more it keeps memory of the initial
condition. However, while in pure models we expect such effect to vanish in the thermo-
dynamic limit (if the WEB ansatz holds), in mixed models the situation may be more
complicated according to the analysis in [10]: the system should keep memory of the
initial configuration for every T}, < Touset (SEB scenario).

For systems of sizes N = 2000,4000 the difference between pure and mixed mod-
els is not evident. However, coming back to the simulation of planted systems of size
N = 2% and using the conjugated gradient dynamics to quickly find the ISs we get the
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Figure 5. Overlap between the initial configuration and the IS final configuration
for the same samples of size N = 4000 presented in figures 3 and 4. The thin red
lines report the overlaps measured in systems of size N = 2% (each line is a different
sample since we are forced to use planting for such a size). The dashed-dotted line is
the N — oo expectation that comes from the semi-empirical assumptions presented
in [10].

results reported by thin red lines (one per sample, given we are using the planting trick).
For the (2 + 3)-spin model the larger system presents almost the same behavior as the
smaller ones at the lowest T},, suggesting the data may be quite close to the thermody-
namic limit. The dashed-dotted line is our best expectation in the thermodynamic limit
obtained under some semi-empirical assumptions presented in [10].

On the contrary, in the 3-spin model the overlap in the large system gets rather
suppressed with respect to the one in the smaller sizes, thus suggesting the overlap may
vanish in the thermodynamic limit for all values of T, (thus recovering WEB). The slow
convergence toward zero of the overlap measured in the 3-spin model with T, close to
Thicr does not come as a surprise. Already in the MFDE integration we observed such a
very slow convergence when T, is close to Tyicr [10]: in that case, the slow convergence
was observed as a function of time.

We conclude that the overlap is a poor observable—in finite-size systems, as well
as in the thermodynamic limit—to spot the onset temperature (and the change from
WEB to SEB), especially if compared to the energy which shows a sharper behavior
around the onset.
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5. Conclusions

We have simulated the gradient descent dynamics in the (2 + 3)-spin model which
presents an RFOT, i.e. a mean-field model for structural glasses. Starting from con-
figurations equilibrated near the mode coupling temperature T'\ct, we show that for
large system sizes the dynamics follows closely the one predicted from the integration of
the MFDE in the N — oo limit. So we confirm the scenario proposed in [10]: depending
on the initial temperature T, the dynamics reaches different energies below the energy
E.. reachable starting from a random condition. Moreover, we observe that for large
enough systems the single gradient descent trajectory is self-averaging, i.e. for large N
it converges to the solution of the MFDE.

We have analyzed the ISs reached by starting from an initial condition in equilibrium
at temperature T, both in pure 3-spin and mixed (2 4 3)-spin models. We have stud-
ied the correspondence between the initial and the final configurations of the gradient
descent dynamics. We have defined the random initial energy F,. for finite-size systems
as the average IS energy reached from a random initial condition. Already for N = 2000
and N = 4000, in the (2 + 3)-spin, we observe an onset temperature Tonset(V ), below
which the average energy of ISs goes below F... On the contrary, in the 3-spin model,
independently of the temperature of preparation, the system gets stuck (on average) on
the threshold energy.

From an algorithmic perspective, in mixed models—contrary to pure ones—different
algorithms (e.g. cooling protocols) achieve different energies. Their lower-bound is the
‘algorithmic threshold’ of the model. It is not clear how to achieve such an algorithmic
threshold, and not even how to compute it in general. Recently it has been conjectured
that in a particular class of mixed p-spin models' (to which none of the models stud-
ied in this work belongs) an algorithm exists that achieves the optimal energy [9, 31].
However, such an algorithm does not work on the space of configurations (i.e. on the
N-dimensional sphere), but rather inside the sphere, building step-by-step the optimal
configuration. So its comparison with the family of gradient descent algorithms that
have access only to the information on the sphere of actual configuration is not totally
fair. Given that algorithms working on the space of configurations (i.e. on the sphere)
have a direct physical meaning, we believe it is an interesting open question to char-
acterize their large time behavior both in the thermodynamic limit and for finite-size
systems. The results reported in [10] and in the present work are the first steps in that
direction.

Going back to the physical implications, the mixed p-spin gives us a new perspective
on the organization of ISs in structural glasses. Sastry et al have proposed that, in
glass-forming liquids, the onset in the slowing down of the dynamics is related to the
structure of the energy landscape [11]. This correspondence was quantified by showing
the ISs dependence on T7, in the simulation of the glass-former Kob—Andersen model. So
far there was no evidence that such a phenomenology could be observed in long-ranged

13 Models in this class present, at zero temperature, a spin glass phase with the replica symmetry broken infinitely many times
(full-RSB) and the support of the overlap covering the whole range ¢ € [0,1].

https://doi.org/10.1088/1742-5468 /abe29f 16


https://doi.org/10.1088/1742-5468/abe29f

Gradient descent dynamics in the mixed p-spin spherical model: finite-size simulations and comparison with mean-field integration

(mean-field) models. The mixed p-spin model studied here is the first case. Recently
an analogous ‘mean-field onset’ has been observed in jamming of hard-spheres in the
large dimensional limit [32]. This supports the idea that the onset follows from purely
mean-field mechanisms.

In conclusion, mean-field models, despite their limitations, are capable to describe
very complex mechanisms in the physics of glass formers. The onset is one of them.
So far we have demonstrated its existence, much more work is required to fully
understand it.

Acknowledgments

We would like to thank Paolo Baldan and Stefano Sarao Mannelli for inspirational
discussions. This research is supported by Simons Foundation Grants (No. 454941,
S Franz and No. 454949, G Parisi); S Franz is a member of the Institut Universitaire de
France.

Appendix A. Marginal minima in pure and mixed models

While in pure models T'yict has a role both in equilibrium and out-of-equilibrium dynam-
ics, this is not the case in mired models where generally T'sp < Tyicr and T'onget > Tyicr-
This simplification of the out-of-equilibrium dynamics in pure models is due to the
homogeneity of the Hamiltonian (2), and can be understood by looking at the energy
landscape of the model.

Let’s start by the Hamiltonian H[s| +~v/2(}_, s;s; — IN), where « is the Lagrange
multiplier to enforce the spherical constraint. We then define the extended gradient G
and Hessian H'*:

Gils] = Hi[s] +vsi  Hyj[s] = H}[s] + 70y (17)

where H; = V;H|[s| and H7;[s] = V;V;H[s]. Both G and H exhibit Gaussian fluctuations
with means and variances'®:

EGIs] =vs:  EIGIsIG[] = 5, (Zsisvi/zv) +O(1/N)

)

7

E[Hijls]] = 70 ETHils|Huls]] = %(5%5;'1 + Gadji) [ <Zs,,;§,,;/N> +O(1/N?).
(18)

At the leading order in IV, fluctuations of the Hessian H are characteristic of matrices
belonging to the Gaussian orthogonal ensemble and consequently present a Wigner

14 Note that both G and H are defined on the whole RY into which the sphere is embedded.
15 Directly from the covariance defined in equation (3).
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semicircle-law spectrum with support:

=2/ f7(1), 2V f"(1)]. (19)

The center of the spectrum is shifted by the Lagrange multiplier v that takes into
account the local curvature of the sphere. This is the spectrum for each typical H.
A stationary point on the sphere is defined by the condition:

pi’f[s]gk[s] =0 - H![s] — (ZHJ{[S]SJ'/N> s;, =0 (20)

where PF[s] = d;, — s;s,,/IN is the projector on the tangent plane to the sphere at s.
Comparing with equation (17), we see that stationary points have Lagrange multiplier

equal to:

>_; Hilsls;

=== 1 - - 21
=y N (21)
w is called radial reaction and it gives the typical shift of the spectrum. From (19) it

follows that the condition to have a stable stationary point is:

1> g = 2/ 77 (D). (22)

Here, we have defined the marginal radial reaction fi,,,-

In this analysis we have neglected rank-1 perturbation in the projected Hessian H”
that may give rise to isolated eigenvalues [33]. Calling Ay = p — pu,,,, stable stationary
points (minima) are the ones for which Ap > 0. In pure models given the homogeneity
(2) we have that p = —pE, which implies that there exists only one value of energy for
which the system is marginal Ay = 0. In other words, the marginal manifold, i.e. the
manifold which contains all the minima with Ap = 0 lies entirely at the same energy:

B = —onp =~ . (23)

In the thermodynamic limit (N — 0o) this is the famous threshold energy, firstly intro-
duced in [5]. In pure models, every dynamics starting from energies higher than Ey,
will end up on this manifold. On the contrary in mized models, there is a whole range
of energies for which there are marginal minima, and there is numerical evidence that
taking different equilibrium temperatures Tycr < T < Tonset, the energy of the corre-
spondent ISs are different. Consequently, it is not possible to define a threshold energy.
Instead, we introduce the random initial condition energy FE,. which can be defined
in two different ways: statically is the energy at which dominant minima become sad-
dles (complexity calculations) and dynamically is the energy reached in a quench from
infinite temperature (asymptotic WEB ansatz). In the thermodynamic limit, these two
definitions concord for any model chosen in the RFOT-class of p-spin models and give:
/ " l 2
o T =) - £ 2
SV (1)
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Figure 6. Finite size scaling of ISs in the (2+ 3)-spin model. The ISs are
obtained through conjugated gradient descent, starting from equilibrium configu-
rations sampled at different temperatures T, = 2,1.5,1.35,1.2,1.1,1.07,1.05, 1.03,
greater than Tyer (as described in section 4.2). For each size N =125,
250, 500, 1000, 2000, 4000 a unique system is considered. (Left) The average of the
radial reaction (ug) over different ISs rescaled around its thermodynamic limit
Hmg- We mnotice that it is almost independent from the temperature T',. (Right)
The same rescaling for the average IS energy (Fis) around the random condition
E.. has a strong dependence on the temperature for T, < 1.35.

whose derivation is reported in [10]. There, however, we used a different notation and
Ey, (the threshold energy) refers—both in pure and mixed models—to the energy at
which the dominant saddles become minima. Here we prefer to use the notation F..
(the random condition energy), whenever referring to general mixed models, in order to
not mislead the intuition, since it does not correspond to an impassable threshold. In
finite-size simulations we have considered the dynamical definition of E...

Appendix B. Finite size scaling of inherent structures

Let’s start by the simplest approximation. Lets admit that the gradient descent dynamics
ends in the highest stable minima of the energy landscape. A minimum is stable as long
as its lowest eigenvalue A, is positive. In the thermodynamic limit (N — oo) this
corresponds to the condition p = p,,,. However, in a system of finite size N, the lower
edge presents fluctuations that scales as [34]:

N 0 (1 — png) N2 (25)

The exponent —2/3 is directly connected to the shape of the Hessian spectrum, i.e.
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Figure 7. Rescaled cumulative distribution of IS radial reaction and energy for
the same data presented in figure 6. (Top) Cumulative distribution of the radial
reaction p;g. The Tracy—Widom cumulative expected from a ‘naive’ GOE analysis,
not considering the dynamics, is plotted with a dashed black line. The Gaussian
cumulative distribution with variance 1 and mean +2 is shown with a dotted black
lines. A similar shape is observed in all systems greater than N = 500. (Bottom)
Cumulative distribution of the energy Fig. Here, the rescaling is always centered
around F,. so for smaller temperatures the distribution is shifted to the left.

the Wigner semicircle p(\) o \/ p2g — (A — p)? To understand this scaling we set the
identity

N_ng+)\min
/ A\ p(A) = 1/N (26)
1

i
which states that the probability of having at least one eigenvalue smaller of the smallest
Amin should be proportional to 1/N; and since the semicircle spectrum has a lower edge
A2, integrating we obtain the —2/3 scaling. Sampling a matrix from the GOE, the
lowest eigenvalue fluctuates with N according to:

Amin = %XTWNJ/3 (27)

where ypw is extracted from the Tracy—Widom distribution with 5 = 1. This distribu-
tion has a non-zero average E[xrw] &~ —1.2, so we expect that in average, a minimum
has a marginal radial reaction smaller than the one in the thermodynamic limit:

1 _
() = g (1+ SEDrwIN 2 ) < (28)

This same behavior is observed when looking at IS of the (2 4 3)-spin model reached
from different temperatures. In figure 6 (left) is shown the average radial reaction of the
IS (ug) reached from different temperatures; and as expected from the above analysis,
it is lower than that of the thermodynamic limit y,,,,.
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Figure 8. Scatter plot of radial reaction p;g and energy Fig of the ISs reached from
different temperatures and for different system sizes. Again, the same data presented
in figures 7 and 6. The scatter plots are rescaled with the expected N “2/3 power.
The black lines are the averages at every temperature. Different colors represent ISs
reached from different temperatures. The systems of sizes N = 125 and N = 250
seem too small for studying the large finite-size scaling of the model.

However, the IS minima are not random but reached through dynamics, and there-
fore, the resulting rescaled distribution is not Tracy—Widom [17]. This can be observed
in the top plot of figure 7, where the rescaled cumulative distribution of radial reaction
g for different sizes and temperatures is compared with the Tracy—Widom cumulative
distribution (dashed black lines).

The same scaling N =23 can be seen in the energy of the IS Eg. However, in this case
the thermodynamic value depends on the temperature. So doing the rescaling around F.
we observe (see figure 6 (right)) the spreading of the different curves increasing the size
of the system. Just for comparison, we also show the rescaled cumulative distributions
for Fig in figure 7 (bottom).

It is important to note that contrary to the energies Fig, the radial reactions pug
seem to have the same average value, independently of the temperature T},, and the
same rescaled distribution independently of the size of the system N (for N > 500).
This is directly connected to the main role of this parameter, which sets the stability of
the system, defining the location of the lower edge of Hessian spectrum.

Finally in figure 8 is reported the rescaled scatter plot of both energy and radial
reaction. We see that both system N = 125 and N = 250 present a small number of
IS minima which can be reached from any temperature. These sizes are too small for
studying the (2 + 3)-spin model.

References

[1] Kirkpatrick T R and Thirumalai D 1987 Dynamics of the structural glass transition and the p-spin-interaction
spin-glass model Phys. Rev. Lett. 58 20914

[2] Leutheusser E 1984 Dynamical model of the liquid-glass transition Phys. Rev. A 29 2765-73

[3] Bengtzelius U, Gotze W and Sjolander A 1984 Dynamics of supercooled liquids and the glass transition J. Phys.
C: Solid State Phys. 17 5915-34

[4] Crisanti A and Sommers H-J 1992 The spherical p-spin interaction spin glass model: the statics Z. Phys. B
Condens. Matter 87 341-54

[5] Cugliandolo L F and Kurchan J 1993 Analytical solution of the off-equilibrium dynamics of a long-range spin-glass
model Phys. Rev. Lett. 71 173-6

[6] Franz S and Parisi G 1995 Recipes for metastable states in spin glasses J. Phys. I 5 1401-15

https://doi.org/10.1088/1742-5468 /abe29f 21


https://doi.org/10.1103/physrevlett.58.2091
https://doi.org/10.1103/physrevlett.58.2091
https://doi.org/10.1103/physrevlett.58.2091
https://doi.org/10.1103/physrevlett.58.2091
https://doi.org/10.1103/physreva.29.2765
https://doi.org/10.1103/physreva.29.2765
https://doi.org/10.1103/physreva.29.2765
https://doi.org/10.1103/physreva.29.2765
https://doi.org/10.1088/0022-3719/17/33/005
https://doi.org/10.1088/0022-3719/17/33/005
https://doi.org/10.1088/0022-3719/17/33/005
https://doi.org/10.1088/0022-3719/17/33/005
https://doi.org/10.1007/bf01309287
https://doi.org/10.1007/bf01309287
https://doi.org/10.1007/bf01309287
https://doi.org/10.1007/bf01309287
https://doi.org/10.1103/physrevlett.71.173
https://doi.org/10.1103/physrevlett.71.173
https://doi.org/10.1103/physrevlett.71.173
https://doi.org/10.1103/physrevlett.71.173
https://doi.org/10.1051/jp1:1995201
https://doi.org/10.1051/jp1:1995201
https://doi.org/10.1051/jp1:1995201
https://doi.org/10.1051/jp1:1995201
https://doi.org/10.1088/1742-5468/abe29f

Gradient descent dynamics in the mixed p-spin spherical model: finite-size simulations and comparison with mean-field integration

[7] Biroli G and Bouchaud J P 2009 The random first-order transition theory of glasses: a critical assessment
(arXiv:0912.2542)
[8] Subag E 2018 Following the ground-states of full-RSB spherical spin glasses (arXiv:1812.04588)
[9] Alaoui A E and Montanari A 2020 Algorithmic thresholds in mean field spin glasses (arXiv:2009.11481)
[10] Folena G, Franz S and Ricci-Tersenghi F 2020 Rethinking mean-field glassy dynamics and its relation with the
energy landscape: the surprising case of the spherical mixed p-spin model Phys. Rev. X 10 031045
[11] Sastry S, Debenedetti P G and Stillinger F H 1998 Signatures of distinct dynamical regimes in the energy
landscape of a glass-forming liquid Nature 393 554—7
[12] Bouchaud J P 1992 Weak ergodicity breaking and aging in disordered systems J. Phys. I 2 1705-13
[13] Bernaschi M, Billoire A, Maiorano A, Parisi G and Ricci-Tersenghi F 2019 Strong ergodicity breaking in aging
of mean field spin glasses (arXiv:1906.11195)
[14] Cavagna A 2009 Supercooled liquids for pedestrians Phys. Rep. 476 51-124
[15] Barrat A, Franz S and Parisi G 1997 Temperature evolution and bifurcations of metastable states in mean-field
spin glasses, with connections with structural glasses J. Phys. A: Math. Gen. 30 5593—612
[16] Kurchan J and Laloux L 1996 Phase space geometry and slow dynamics J. Phys. A: Math. Gen. 29 1929-48
[17] Boltz H-H, Kurchan J and Liu A J 2019 Fluctuation distributions of energy minima in complex landscapes
(arXiv:1911.08943)
[18] Mannelli S S, Biroli G, Cammarota C, Krzakala F and Zdeborovd L 2020 Who is afraid of big bad minima?
Analysis of gradient-flow in a spiked matrix-tensor model (arXiv:1907.08226)
[19] Semerjian G, Cugliandolo L F and Montanari A 2004 On the stochastic dynamics of disordered spin models J.
Stat. Phys. 115 493-530
[20] Gradenigo G, Angelini M C, Leuzzi L and Ricci-Tersenghi F 2020 Solving the spherical p-spin model with the
cavity method: equivalence with the replica results J. Stat. Mech. 113302
[21] Krzakala F and Zdeborova L 2009 Hiding quiet solutions in random constraint satisfaction problems Phys. Rev.
Lett. 102 238701
[22] Crisanti A and Leuzzi L 2006 The spherical 2 4+ p spin glass model: an analytically solvable model with a
glass-to-glass transition Phys. Rev. B 73 014412
[23] Crisanti A, Horner H and Sommers H-J 1993 The spherical p-spin interaction spin-glass model Z. Phys. B
Condens. Matter 92 257-71
[24] Capone B, Castellani T, Giardina I and Ricci-Tersenghi F 2006 Off-equilibrium confined dynamics in a glassy
system with level-crossing states Phys. Rev. B 74 144301
[25] Sun Y, Crisanti A, Krzakala F, Leuzzi L and Zdeborové L 2012 Following states in temperature in the spherical
s + p-spin glass model J. Stat. Mech. P07002
[26] Barbier D and Cugliandolo L F 2020 A constrained TAP approach for disordered spin models: application to
the mixed spherical case J. Stat. Mech. 063207
[27] Folena G 2020 The mixed p-spin model: selecting, following and losing states Phd Thesis Universita ‘La Sapienza’
& Université Paris-Saclay (https://tel.archives-ouvertes.fr/tel-02883385)
[28] Krzakala F and Zdeborovd L 2013 Performance of simulated annealing in p-spin glasses J. Phys.: Conf. Ser.
473 012022
[29] Gumbel E 1958 Statistics of Extremes (New York: Columbia University Press)
[30] Franz S and Mézard M 1994 On mean field glassy dynamics out of equilibrium Phys. A 210 48-72
[31] Subag E 2018 Free energy landscapes in spherical spin glasses (arXiv:1804.10576)
[32] Charbonneau P and Morse P 2020 Memory formation in jammed hard spheres (arXiv:2009.00492)
[33] Ros V, Ben Arous G, Biroli G and Cammarota C 2019 Complex energy landscapes in spiked-tensor and simple
glassy models: ruggedness, arrangements of local minima, and phase transitions Phys. Rev. X 9 011003
[34] Majumdar S N and Schehr G 2014 Top eigenvalue of a random matrix: large deviations and third order phase
transition J. Stat. Mech. P01012

https://doi.org/10.1088/1742-5468 /abe29f 22


https://arxiv.org/abs/0912.2542
https://arxiv.org/abs/1812.04588
https://arxiv.org/abs/2009.11481
https://doi.org/10.1103/physrevx.10.031045
https://doi.org/10.1103/physrevx.10.031045
https://doi.org/10.1038/31189
https://doi.org/10.1038/31189
https://doi.org/10.1038/31189
https://doi.org/10.1038/31189
https://doi.org/10.1051/jp1:1992238
https://doi.org/10.1051/jp1:1992238
https://doi.org/10.1051/jp1:1992238
https://doi.org/10.1051/jp1:1992238
https://arxiv.org/abs/1906.11195
https://doi.org/10.1016/j.physrep.2009.03.003
https://doi.org/10.1016/j.physrep.2009.03.003
https://doi.org/10.1016/j.physrep.2009.03.003
https://doi.org/10.1016/j.physrep.2009.03.003
https://doi.org/10.1088/0305-4470/30/16/006
https://doi.org/10.1088/0305-4470/30/16/006
https://doi.org/10.1088/0305-4470/30/16/006
https://doi.org/10.1088/0305-4470/30/16/006
https://doi.org/10.1088/0305-4470/29/9/009
https://doi.org/10.1088/0305-4470/29/9/009
https://doi.org/10.1088/0305-4470/29/9/009
https://doi.org/10.1088/0305-4470/29/9/009
https://arxiv.org/abs/1911.08943
https://arxiv.org/abs/1907.08226
https://doi.org/10.1023/b:joss.0000019821.08230.72
https://doi.org/10.1023/b:joss.0000019821.08230.72
https://doi.org/10.1023/b:joss.0000019821.08230.72
https://doi.org/10.1023/b:joss.0000019821.08230.72
https://doi.org/10.1088/1742-5468/abc4e3
https://doi.org/10.1103/physrevlett.102.238701
https://doi.org/10.1103/physrevlett.102.238701
https://doi.org/10.1103/physrevb.73.014412
https://doi.org/10.1103/physrevb.73.014412
https://doi.org/10.1007/bf01312184
https://doi.org/10.1007/bf01312184
https://doi.org/10.1007/bf01312184
https://doi.org/10.1007/bf01312184
https://doi.org/10.1103/physrevb.74.144301
https://doi.org/10.1103/physrevb.74.144301
https://doi.org/10.1088/1742-5468/2012/07/p07002
https://doi.org/10.1088/1742-5468/ab7f33
https://tel.archives-ouvertes.fr/tel-02883385
https://doi.org/10.1088/1742-6596/473/1/012022
https://doi.org/10.1088/1742-6596/473/1/012022
https://doi.org/10.1016/0378-4371(94)00057-3
https://doi.org/10.1016/0378-4371(94)00057-3
https://doi.org/10.1016/0378-4371(94)00057-3
https://doi.org/10.1016/0378-4371(94)00057-3
https://arxiv.org/abs/1804.10576
https://arxiv.org/abs/2009.00492
https://doi.org/10.1103/physrevx.9.011003
https://doi.org/10.1103/physrevx.9.011003
https://doi.org/10.1088/1742-5468/2014/01/p01012
https://doi.org/10.1088/1742-5468/abe29f

	Gradient descent dynamics in the mixed p-spin spherical model: finite-size simulations and comparison with mean-field integration
	Contents
	1.  Introduction
	2.  Model and induced dynamics
	3.  Simulation preliminaries: dilution and planting
	4.  Gradient descent simulation
	4.1.  Agreement with mean-field integration
	4.2.  Onset in finite systems

	5.  Conclusions
	Acknowledgments
	Appendix A.  Marginal minima in pure and mixed models
	Appendix B.  Finite size scaling of inherent structures
	References


